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Abstract Quasi-Newton (QN) methods provide an efficient alternative to second-
order methods for minimizing smooth unconstrained problems. While QN methods
generally compose a Hessian estimate based on one secant interpolation per iteration,
multisecant methods use multiple secant interpolations and can improve the quality
of the Hessian estimate at small additional overhead cost. However, implementing
multisecant QN methods has several key challenges involving method stability, the
most critical of which is that when the objective function is convex but not quadratic,
the Hessian approximate is not, in general, symmetric positive semidefinite (PSD),
and the steps are not guaranteed to be descent directions.

We therefore investigate a symmetrized and PSD-perturbed Hessian approximation
method for multisecant QN. We offer an efficiently computable method for producing
the PSD perturbation, show superlinear convergence of the new method, and demon-
strate improved numerical experiments over general convex minimization problems.
We also investigate the limited memory extension of the method, focusing on BFGS,
on both convex and non-convex functions. Our results suggest that in ill-conditioned
optimization landscapes, leveraging multiple secants can accelerate convergence and
yield higher-quality solutions compared to traditional single-secant methods.
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1 Introduction

We consider the unconstrained minimization problem

minimize T 1
z€R™ f( ) ( )
where f : R” — R is a convex function in C2, and bounded below. Newton’s method
iteratively solves the linear system of order n to get a search direction d;,

VQf(th)dt = —Vf(l‘t) (2)

where V2 f(z;) is the Hessian and V f(z;) is the gradient of the tth iterate. In this
case, the next iterate is updated as

Tip1 = Ty + oudy

where d; = —[V2f(24)] "'V f(2¢) and o > 0 is a step length parameter. However,
while this method is foundational in continuous optimization, obtaining the Hessian
matrix and solving (2)) becomes computationally impractical for large-scale problems.
For this reason, quasi-Newton (QN) methods, such as BFGS [6! [18}, 23] 43]], have
been introduced as effective alternatives. These methods efficiently approximate the
Hessian using simple operations performed on successive gradient vectors.

In particular, QN methods are designed to construct the matrix B; at each iteration
which satisfies the secant condition

Biy1(wep1 — m4) = Vf(we41) — Vf(xe) (3)

where By € R"*"™ is a Hessian approximation of f at z;;. The subsequent iterates
are then updated
-1
Zep1 = @ — aBy "V f(xy). 4

For n > 1, the secant condition (3) represents n equations involving n(n + 1)/2
variables, and is always underdetermined. Thus, a stronger, lesser-explored family of
approximations are the multisecant conditions, which satisfy

By(x; —x;) = Vf(x:) — Vf(xy) S)

for some subset of i # j € {t,t — 1,....,t — ¢ + 1} where ¢ > 1 is the number
of past iterates taken into account; this strategy promotes a more accurate Hessian
approximation. Conventionally, ¢ is a small positive integer such that ¢ < n.

While multisecant extensions have been explored in the past literature [22f], and
are shown to be more powerful approximations than single-secant approaches, they
often struggle with stability. Specifically, in the case of DFP [11] and BFGS, a single-
secant update is guaranteed to be a descent search direction; however, incorporating
multisecant conditions destroys this valuable descent property. For this reason, multi-
secant QN methods seem popular only in quadratic optimization, and are not easily
generalizable even for convex functions.
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1.1 Related works

Perhaps the most well-known family of single-secant quasi-Newton methods are
Broyden’s method [5, [21] which gives a rank-1 and non-symmetric update, Powell’s
method (PSB) which introduces symmetric updates [38]], Davidson-Fletcher-Powell
(DFP) [11] , and BFGS named after the concurrent works of [6], [38]], [24], and
[43]]. The latter two methods introduce symmetric positive semidefiniteness (PSD)
and can be seen as nearest matrices in a modified norm. These qualities (symmetric
and PSD) are often desired to ensure that d; = —B; 'V f(x;) is indeed a descent
direction, and as a result the methods are more stable in practice. There are also
many recent works concerning improvements of the single-secant QN methods that
involve subsampling [4], sketching [37]] or other forms of stochasticity [24], as well as
greedy updates [40], incremental updates [34], mixing strategies [16], trust regions for
improved numerical stability [8]], and dense initializations [7]] (to name only a few).
The work which is similar in spirit to ours is [25] which uses a diagonal perturbation
to improve conditioning but does not contain convergence analysis; and [1]] which
explores perturbations for Powell’s method to ensure PSD estimates. Finally, we
highlight [[13}[14] for first showing superlinear convergence of Broyden’s, and then
BFGS method, and [33| 35]] whose expositions help fill in some of the blanks in the
convergence proof.

The multisecant extensions were first explored not long later; [22] offer a version
of Broyden’s method that satisfies the secant condition with multiple prior updates;
an argument for superliner convergence is given. This extension was generalized [41]
for extensions of Broyden’s, Powell’s method, DFP, and BFGS updates, and offers a
perturbation in the Cholesky factorization to maintain PSD and symmetry. More recent
explorations of multisecant QN methods include [[17]] which explores the integration
of Andersen mixing and [9]] which integrates a sophisticated line search method. The
works most related ours include [19]], which maintain positive semidefinite estimates
using eigendecompositions, and [42] which perform complete positive semidefinite
projections at each step. Where they explore eigendecompositions, our perturbation is
in adding a diagonal, with a carefully tuned magnitude.

The development of limited memory multisecant methods is an important exten-
sion, in the regime where even storing a dense n X n Hessian estimate is prohibitive.
Limited memory QN methods have been previously studied [[15} 30} [39, 44], espe-
cially for Broyden’s, DFP, and BFGS [10, 32, 46]. The L-BFGS method especially
was recently popularized for large-scale machine learning systems, such as Google’s
Sandblaster method [12]]; other methods, such as SR1 [10], have also been studied in
this context. More recently, several papers showed superlinear convergence limited
memory QN methods, under certain modifications; [2] via sophisticated line search
strategies; [20] with specific greedy updates; and [3]] via a displacement aggregation
strategy to mimic a full-memory system.

During the review process, we became aware of a related body of work [26, 27}
28, 29} [31]] that explores randomized BFGS methods using sketching or random
sampling to construct multisecant equations at each iteration. While the overarching
objectives differ from ours, several of the technical challenges — especially related to
symmetrization and ensuring positive semidetiniteness — exhibit notable parallels.
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1.2 Contributions and outline

In this paper, we investigate techniques for imposing symmetric and PSD updates in
multisecant QN methods through perturbation strategies, especially for ill-conditioned
non-quadratic problems. Our contributions include

1. a method of carefully tuned diagonal updates for stable method perturbations,

improved through secant rejection methods and scaling techniques;

2. asuperlinear convergence rate of the proposed strategy;

3. alimited memory extension and usage on nonconvex neural network training.
Section [2| reviews the single-secant and multi-secant QN methods, as well as the
inverse update using the Woodbury property. Section [3]introduces our perturbation
method, along with a complexity analysis. Section[d]gives the superlinear convergence
result, and section [5]gives extensive numerical comparisons. Section [6]discusses the
important extensions for limited memory and use in non-convex optimization.

2 Quasi-Newton methods
2.1 Single secant methods

The well-known Newton’s method for solving (T)) follows the iterative scheme
w1 = a = [VAf ()] 7'V f () ©)

where V2 f(z;) and V f(x;) are the Hessian and the gradient of f at x, respectively.
Newton’s method is derived from the truncated second-order Taylor series expanded
at the iterate x4, as

V(@) = V(w) + V2 f(2e) (w1 — 30), (7

under the assumption that V f(x:1) = Vf(2*) = 0 for some k, resulting in the
Newton step (6). However, computing V2 f(z) and solving the linear system (6)) are
costly and may suffer from numerical issues. It is approximated by an n X n matrix
that satisfies (7)) at each step

Biy1 (w41 — ) = Vf(@i11) — Vf(24) ®

=:5,ER" =y ER™

where By, 1 € R™*"™ estimates the Hessian at iteration ¢ 4 1. Note that this linear
system includes n constraints, while a symmetric matrix B, contains % free
variables; that is to say, is underdetermined. Thus, QN methods satisfying are
far from unique, and there is the potential to continually develop improvements. Four
well-known single-secant QN methods are described below.
o Broyden’s method [5]] forms rank-1 and non-symmetric updates satisfying secant
equations described in (8):

(ye — Bise)s]

’
SISt

By = By + (Broyden)
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o Powell symmetric Broyden’s (PSB) [38]] symmetrizes the Hessian estimate

(y+ — Bise)s! + si(ye — Bysy) " (ye — Bist) st 1
t

1
Bii1 =By + — 8t
1 K s/ st 2 (s s¢)? K

e DFP [1]] provides symmetry and PSD Hessian approximation

Bit = B, + (ye = Bso)y! +yi(ye — Bese) T yi(ye — Bise) Tseyy

ul st (41’ ¢)?
(DFP)

e and BFGS [i6| 23| 38 |43] is the most popular QN algorithm with rank-2 and
symmetric updates, and maintains PSD estimates

ytytT _ BtStStTBt

Biy1 =By + (BFGS)

Yy St s] Bysy
Note that each QN method will update the next iterate as
Top1 =1 — By 'V f ().

So, if B; is PSD, then for a > 0 small enough, this step is guaranteed to descend
(f(zty1) < f(ay)), since

—Vf(z) B 'V f(x) < 0. 9)

However, if B; is not PSD, the inequality (9) is not necessarily satisfied and the
algorithm will necessarily monotonically decrease at each iteration; the resulting
behavior is usually instability and divergence. Therefore, maintaining B; PSD is an
important key for QN methods.

2.2 Multisecant methods

We now consider incorporating more secant conditions than just on the last two
iterates. There are two natural constructions to consider: the “curve-hugging” version
fort =t,...,t —q+ 1, such that

S; = Ti41 — X4y,  Yi = Vf($i+1) - Vf(xi)7 (10)

and the “anchored at most recent” version for ¢ =, ..., ¢ — ¢, such that

$i = Tip1 — Ty Yi = Vf(@e41) = V(i) (11)
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In practice, we find that the two versions seem to have similar performance. We
represent these choices with matrices S; € R™”*? and Y; € R"*9 as

St = | St—q St—q+1 -+~ St | » Yi=|Yt—q Yt—gq+1--- Yt | - (12)
| | | |

Then, the multisecant condition is B;;1S5; = Y3, which interpolates g previous iterates.
Schabel [41] presented the following four multisecant generalizations of QN methods:

Bii1 = B, + (Y, — B:S,) (S, S;)~ts] (MS Broyden)
Biy1 =By + (Y — BiSy) (S Se) 'S, + Su(S] Se) M (Ve — BeSy) T
— S:(Sy ST (Vs — BiSy) T Sy(S]Sy)7LS, (MS PSB)
By =B+ (Yi — BiS)(Y, S) 7Y, + V(Y S) 7 (Vi — B,Si) T
—Yi(Y,"S) T H(Y: — BiSy) TSy (V,TS) Y, (MS DFP)
Biyr = B+ Yi(Y,' S) 7YY, — B.Sy(S] B:S:) 1S, By (MS BEGS)

Unlike the single-secant case, symmetry and PSD are only guaranteed to hold in a
restricted problem setting. Specifically, Powell’s B, ; is guaranteed to be symmetric
only if ;" Y; is symmetric, and DFP’s and BFGS’s By 1 is symmetric and PSD only
if YtT S; is symmetric and PSD. However, this is not true in general; note that the
multisecant constraint (Byy1.5; = Y;) enforces StT Biy1S: = S;r Y;, so the symmetry
or PSD-ness of By is not possible if S' Y; does not have the same corresponding
properties, of which are generally not true for non-quadratic convex functions f.

2.3 Woodbury Inversion of Multisecant BFGS

The four update rules (MS Broyden)), (MS DFP)), (MS PSB)),(MS BFGS)) can be suc-

cinctly written as

Biy1 = By + C1 A7 Oy, (13)

where C' ¢, C's + and A, depend on By, S, and Y;. Specifically, the update is low-rank;
Ay is g x g for Broyden’s method, and 2¢ x 2q for the others. To avoid computing
inverses, low-rank updates of B, are updated using the Sherman-Morrison-Woodbury
inversion lemma [435]]. This crucial step is a key differentiating feature between New-
ton’s method and QN methods, as it avoids solving an expensive linear system at each
step.

We now give the inverse update step for the MS-QN methods. The inverse update
can be directly computed for Broyden’s method

B =B — (B 'Y, — S8 B/ 'Y,) 1S, Bt
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and BFGS

Y,TS, + Y, B;'Y; Y;TSt:| -1 [YtTBtl]

-1 1 -1
By =B = (B, 5] STV 0 s/

t+1
For PSB, the updates are first symmetrized, and

Bih+ By B+ BT
2 2

+ Dl,thlDz,t

where for PSB,

Diy = [B; 'Yy — Sy, B 'Sy, B7'Sy, B'S ],
Doy = [By 'S, B{'Y, — S, B/'S,, B{'S],

S:Bgl}/ta ‘/157 ‘/;7 ‘/t
wo—_ | Xe YIBTS Ul Uf
o Uy Vi  Ze+ ViV,
U Vi Vi G+ Vi
where
U =8S/B 'Y, - S/S,
Vi =S, B 'S,
X, =Y,"B;'Y, - S'Y, - Y," S, + S B,S,
Zy = S, S(S, B;S;)"18] S,
1
Gy = _asjst(yjst + 8 v)7tsTs,.
For DFP,
Dy = [Qt — St, Qt, Qt] ) Dyt = [Qt Qt — St Qt]
Tta Tt7 Tt
W,=—|T,— R —R,+H;, R+ T, — R/, T, — R/
T; — Ry, T, —Ry(H;,— R)) 'R+ T,
where

Ry =Y,'S,, H,=8BS, Q=B'Y,, T,=Y,B Y.

In both cases, to avoid computing B;, we use the relation under the assumption that
S, has full column rank ]

S)BS; = (S) S~ (S, B/ 1Sy)"H(S, Sy (14)

The symmetrization is necessary to avoid the term S;” B B; 'Y;, which cannot be
easily simplified nor cheaply computed if both B; and B, !"are not both involved,
defeating the purpose of the Woodbury inversion.

! This is usually true in the vanilla implementation, and always true when we use the rejection extension.
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Note that by using this inverse update, we reduce computational requirements
from O(n?3) to O(gn? + ¢3). In later sections, we differentiate between using a direct
update (13)) and an inverse update, via the Woodbury formula.

3 Multisecant methods with positive semidefinite perturbation
3.1 Diagonal perturbation

The simplest version of our perturbation method is

DLtWtilD;,t + (Dl,tWtilD;,t)T

Hy = Hp + B

+ pel (15)

where H; can be B; (direct solve) or B, 1 (Woodbury inverse), and D1 ¢, Do 4, and Wy
are chosen such that the vanilla (symmetrized) updates are achieved when i, = 0. We
now introduce a computationally cheap (O(q® + ¢*n)) method (Alg.[1) of producing
a pu that ensures H,,; is symmetric PSD, as long as H; is symmetric PSD.

Theorem 3.1 Consider W a non-symmetric matrix, ¢ > 0 and

0 w1] [D;

1
A=y (P D] [WT 0 ||Dy

] e R ™, (16)

Then A + pl is PSD if and only if

Hy = [ffr ﬂ — ()76 + (@) TIGEUCT + G)TIG R (1)
is PSD, for
C= (el — 1 FFT)~1 W —c ' F(el — ¢ 'FTF)™!
W — el — W FTR)FT (cl —c ' FTF)! ’
-
G = [glr] [Dy Ds) and F = VSUT. Here, W = UXV T is the SVD of W, and
2
—2
Sii = M Here, § = q for Broyden’s method, and ¢ = 2q for Powell,

235}
DFP, and BFGS.

Proof Consider first the matrix
2,ul —|— A D1 D2

DI o F
D] FT ¢l

H

Then one Schur complement of H is

oI F} ! {Df

2

}-2u[—|—2A
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and another is Hs (to be shown later). So, H is PSD if either A + 21 is PSD and Ho
is PSD, or [;,5— c};] is PSD and H; is PSD, or both. Here,

—1
I F Dy 0 w1 [DT
A= [D; D] L;T CI] {Dﬂ + [Dy D] {W_T 0 } {Dﬂ

= [Dy D] {(d - c_jEFFT)_l (eI — cEljll“TF)l] [gg }

=:C

where E =W~ —c¢ 'FT(c —c*FFT)L.

Next, we construct F' to have the same left and right singular vectors as W, so
W =UXV T and F = VSU. Then the eigenvalues of A are the same as that of

Vo TC’ Vol (el —c718%)~1 Yt —c (el — 718718
0U 0U| | X t—ctS(cl —c18?)7t (eI —c18%)~1

which can be rearranged into a block diagonal matrix whose 2 x 2 blocks are
B — [ B (cﬁ: 6_15%3_12 B oot - c_lsii(lc - c_llsfi)_l}
Vi —c(e—c85) T S (c—c™75%)
These blocks are PSD if S;; < ¢ and
(X5 =1 Si(c—c7182)71)?

—lg2y-1
0<(c—c"S5%) (c—c152)

<~
Sii > (2 = S2) (25t — M = 82))or Sy < (X + e (c? — S2)(c® — SE)

which is satisfied if

Sl y1as?\Jaes?
Sii = (02 — SZ)E;l <~ 57,1 = — < —
' 25 25,

= C.

cd F
Note that {FT ol
FTF) = 0.Since |F"F|l2 = ¢?||S|3 < max; c* then this property holds whenever
c< 1l

is PSD whenever ¢ > 0 and the Schur complement %(02.7 —

Finally, the expansion of Hy
c F D] 1
Hy = {FT cl} - [Dﬂ (A+2ul) [D1 D2]
| F

_ {FT d} (207G — (2p)GEuC + G)G)
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T

for G = [g%] [D1 Ds]. This can be shown using elementary calculations.
2
Figure[I|shows the runtime of Algorithm|T]vs eigenvalue decompositions using
full (eiqg) or fast partial (eigs) operations. By leveraging low-rank structure, we

significantly reduce the runtime complexity to depend critically on g rather than n.

Algorithm 1 Compute p 105
Input: D1, D2, W, uo
Output: i so that A + p = 0 in (T6)

103 4

o

o
I: [U, 2, V] =svd(W) 8
2: Compute S, C, G, F as in Th[31] g 104
3: Initialize 4 = po E
4: while Apin (Hz) < 10715 do ® 101
5:  Compute H> as in Th.[3.1]
6 p2u 10° 10°
7: end while n (matrix size)

—— eig (10) eigs (10) —— Alg. 1(10)

-+~ eig (25) eigs (25) —=- Alg. 1(25)

Fig. 1: Runtime comparison of full eigen-
value decomposition (eig), sparse iterative
eigenvalue solver (eigs), and our method
(Alg 1). Legend includes (q) value.

3.2 Enhancements

In the next few sections, we discuss important enhancements to the method, to improve
stability and convergence properties. We refer to updating H, = B, as a direct update,
and H; = B; " as an inverse update.

3.2.1 u correction

In Theorem [3.1] note that this choice of ; guarantees that A; + ;I is PSD, which is
a sufficient, but not necessary, condition for H;,; to be PSD (provided H, is PSD).
However, often estimating i, this way is overly pessimistic, and can be estimated to
be far larger than needed for By + A; + pI to be PSD. In cases where j; — o0,
this presents numerical stability issues in the inverse update. Moreover, even if p;
is simply bounded away from O, this prohibits superlinear convergence. Therefore,
periodically, we use a Lanczos method to estimate /iy = Amin (H; ') directly (O(n?)).
Then, in iterations ¢; > t between these periodic estimates, if i;, is the output of Alg.
[1l we use

A,uit, = min{.u’tv [j’it}7 Hiy = p’it, - A:uit,’ :ait-i-l = ﬂit - A:ult

Essentially, this method occasionally computes the “surplus PSD” of H, and uses it
to taper out the updates of 1. Specifically, note that H; — iy is PSD for all ¢. This
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offers a computationally cheap method of producing a diagonal estimate p; — 0 as
Ty — Tt

3.2.2 p rescaling

As previously mentioned, another downfall of having p; grow too quickly is that
the inverse update can become unstable, especially if u; — co. To mitigate this, a
p-rescaling method modifies the step size to compensate:

Ty = o +min{l, u; Y 3BV ().

In practice, rescaling helps stabilize the iterates, but can sometimes prevent the speedup
of using multiple secants.

3.2.3 Rejecting vectors

A key source of instability in all QN methods is the ill-conditioning of the matrices
S,"S; and S,” Y;. This is especially noticable in minimizing functions with low curva-
ture, because sequential steps often point in the same direction, so .S; quickly becomes
nearly low rank. In [41]], it was proposed to use a rejection method to mitigate this
problem, by constantly removing secant vectors s; and y; to maintain good condition-
ing of these key matrices. While several methods are offered in [41]], we focus on the
inner product rule
[s{ 551

[[s¢ll2ls;]l2

The rejection is usually done with preferential treatment toward rejecting older vectors,
since they are less relevant.

reject s, if <et#j

3.3 Full algorithm

The full almost-multisecant method is presented in Alg. 2] Note that we allow for two
variations: direct, where By ; is updated and inverted at each step, and inverse, where
Bt_+11 is updated at each step using the Woodbury inversion.

4 Superlinear convergence

We now give the superlinear convergence proof, which extends the well-known results
of single-secant BFGS to MS-BFGS with symmetrization and diagonal perturbation.

Assumptions. Take Fy = V2 f(z0). The following are assumed :

1. The function f is strongly convex and smooth, and there exists constants m and M
such that for all £ = Fo_l/ 21:, within a relevant local neighborhood of the solution,

mI < g'(€) = Fy \*V2f(Fy o) Fy V2 < ML (18)
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Algorithm 2 Almost multisecant Quasi-Newton (AMS-QN)

Input: zg, a, q, f(x), V f(x), p-correction period v
Output: f;1(x)
1: Bp=1
2. fork=1,...,Tdo
3. Update S; and Y; using or (T1)), and
Reject all violating secant vectors in .S; and correspondingly in Y;
Compute D;, Dy, W according to the specific QN method
Update
H = By + C1,A; ' CJ, (direct), or
H=DB"+ DLtWt_lD;t (inverse)
and symmetrize H = %
Compute 1: Use Alg. [T]to pick fi; such that H + fi,] is PSD.
if mod (k,v) == 0 then
: Correct u: i = min(A\:(H))
10:  end if
11:  Correct pu: Ap = min(fi, py), i = fr — Ap, pe = fig — Ap
12:  Update Hessian estimate
Biy1 = H + I (direct) or
Btjrll = H + I (inverse)
13:  Update with p-scaled step size ;11 = x4 — atBtlﬂVf(xt) where

EANE A

a if direct update or no p-scaling
=
‘ min{o,1/p;}  if inverse update and p-scaling

14: end for

2. The Hessians are L-Lipschitz, such that
19'(&1) = ¢'(&)l2 < L& — &l
Using Lemma[A.3] this implies
! L 2
lg(w) = 9(7) = ' (M) (w = D)l < S llw = 7"

3. The diagonal perturbation constant y; is a decaying sequence, such that

> e < €:=min{1/4,1/(8M)}
t=0

Theorem 4.1 (g-superlinear conv.) Given the listed assumptions,

| BeS: — Sillr
S|l 7

which implies q-superlinear convergence.

—0

19)
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The proof is long and given in Appendix[A] Th. The exact statement in Th.
uses scaled variables, but is equivalent to the statement with unscaled variables. The
proof structure follows the original structure presented in [14]], and further expanded
in [33] and [35]]. The key steps to extending to multisecant is Lemma @ which
characterizes the size of the asymmetric projection operator. The rest of the linear
algebra facts extended more naturally, with a constant overhead factor of p at times.
Regarding symmetrization, Lemma[A.3.3|demonstrates that, contrary to expectations,
it does not affect convergence analysis significantly. The main difficulty is extending to
the PSD perturbation. Notably, if the parameter i, does not decay to 0, it is impossible
to achieve superlinear convergence. This is in spite of the PSD perturbation being
proposed in other works [25]]. To overcome this, our two-stage perturbation of
is essential to force y; — 0 in such a way that it is summable. Then, initializing
close enough to the optimum, we are indeed able to maintain local linear convergence,
which is a key step in proving local superlinear convergence. Finally, the extension of
the linear-to-superlinear convergence from single-secant [35] to multisecant requires
some manipulations of trace and determinants of ¢ X ¢ matrices, and the use of the
AM/GM inequality, but otherwise follows the standard framework.

5 Numerical results

We now explore the performance of these methods on unconstrained, smooth, convex,
non-quadratic problems which are bounded below. First, we do a deep study into
logistic regression problems with variable conditioning, and then we apply the method
on a wider array of problems. All tables include the number of iterations until the

stopping condition of ”g}‘ém))lll‘ < €40l

5.1 Logistic regression

The logisitc regression problem is defined as

) 1
min f(z)= fgﬁ{l —fZIOg (bia] x)), o(x) = gy (20)

where a is the ¢th row vector in the data matrix A € R™>" and b; the ith element of
the label vector b € {—1,1}™. Here,

Aij = bizij(1 = ¢;) +wzi ¢ 2n

where ¢; = exp(—¢j/n) is the data decay rate (decaying influence of each feature),
and z; ; ~ N(0, 1) Gaussian distributed i.i.d. w controls the signal to noise ratio of the
data, and the labels b; € {1, —1} with equal probability (class balanced). In appendix
we experiment with both a high and low signal model.

Figure [2]illustrates the destructive effect of multisecant QN methods when applied
to convex problems. Note the trade-off between computational efficiency and numeri-
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cal conditioning; while in both cases multisecant methods suffer stability issues, the
inverse update (inv case) is more debilitating.

Figure [3]compares the performance of enhancements for the multisecant methods,
on a difficult (ill-conditioned with high signal) problem, where only inverse updates are
used. We explore the effects of symmetrization, PSD projection (infeasible in practice),
and our diagonal perturbation, with and without vector rejection. There are two clear
observations. First, as demonstrated in Figure[2] the Woodbury inverse update, despite
its instability, can sometimes suddenly converge to points with low gradient norms.
Second, our approach—particularly with the rejection mechanism—demonstrably
enhances the existing methods. While it does not guarantee stability, it appears to
improve the situation, and overall reduces the time until convergence.

Figure [] gives a closer comparison of the three extra techniques: PSD correction,
in which g — 0 by occasionally recomputing the smallest eigenvalue of B; or B, L
scaling, e.g. dy = pu; " (Bt symm + e I) whenever 11, > 1; and rejection. Although PSD
correction is essential for the convergence results, it does not really have noticeable
positive effect in the numerics, and moreover causes the most overhead. Scaling helps
sometimes, but not consistently. The most significant improvement is through rejection.
These observations are also reflected in the more extensive tables, to be presented
next.
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Fig. 2: Comparison of Newton, gradient descent (GD), single-secant QN methods (S),
and multi-secant QN methods (M) on logistic regression with m = 200,n» = 100,q =
5. Top: direct solve. Bottom: Woodbury inverse. Both high (H) signal and low (L)
signal regime problems are tested.

Table |1| gives the number of iterations ¢ to reach €y, = 10~*%. In each of these
tables, the best result in each problem is bold. If the best result is PSD projection,
which is unrealistic, it is marked by (*) and the second best score is also bold.

There were several factors which were not numerically significant. We did not
observe much performance difference in using curve-hugging (I0) or anchor-at-recent
(TT) for secant updates. We also did not observe significant benefit to driving p; — 0
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Fig. 3: Comparison of QN method improvements, including symmetrization, PSD
projection, and our simple diagonal boost. The problem sizes are m = 200, n = 100
and ¢ = 5 for multisecant methods. All are using Woodbury inverse update. Top:
secants built using curve-hugging. Bottom: secants built using anchored at most recent.
The problem is ¢ = 30 (H).
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Fig. 4: Ablation of several techniques: PSD correction (v > 0), scaling, and rejection.
The problem sizes are m = 200, n = 100 and ¢ = 5 for multisecant methods.

in practice (u-correction), nor of p-scaling. Almost all good results happened with
inverse updates rather than direct updates. Extended tables include more ablations,
and are in Appendix

5.2 p-order minimization

In Table 2] we investigate an important problem in robust optimization

1
f(x) = %\\Aﬂﬁ—bﬂﬁv p> 1
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c=10 ¢c=30 c=10 ¢ =30

cu an cu an cu an cu an
Newton’s 11 11 11 11 Grad. Desc. 2051 2051 | 2010 2010
Br.* (1) 520 520 513 513 Pow.* (1) 532 532 529 529
Br. (1) 520 520 513 513 Pow. (1) Inf Inf Inf Inf
Br. (v) 558 507 471 593 Pow. (v) Inf Inf Inf Inf
Br. (v,r) 505 521 502 514 Pow. (v,r) Inf Inf Inf Inf
Br. (s) Inf 2122 903 559 Pow. (s) Inf Inf 407 308
Br. (s,r) 1000 631 2025 712 Pow. (s,r) Inf Inf Inf Inf
Br. (p) 425 454 144 6* Pow. (p) 537 1822 367 377
Br. (p.r) Inf 631 Inf 677 Pow. (p,r) 2002 Inf 465 754
Br. (0) 21 21 8 Inf Pow. (0) 8 Inf 8 6
Br. (o,r) 119 599 8 602 Pow. (o,r) 7 7 7 7
Br. (0,32) 21 21 8 Inf Pow. (0,32) 8 Inf 8 6
Br. (0,32,r) Inf 599 8 602 Pow. (0,32,1) 7 7 7 7
DFP* (1) 504 504 500 500 BFGS* (1) 502 502 498 498
DFP (1) 504 504 500 500 BFGS (1) 502 502 498 498
DFP (v) Inf Inf Inf Inf BFGS (v) 499 502 500 502
DFP (v,r) Inf Inf Inf Inf BFGS (v,r) 502 503 500 501
DFP (s) 530 513 524 513 BFGS (s) 530 539 926 1151
DFP (s,r) 760 511 548 510 BFGS (s,r) 884 507 588 505
DEFP (p) 425 708 434 369 BFGS (p) 265 268 152 183
DFP (p,r) 703 511 438 501 BFGS (p,r) 665 507 1006 505
DFP (o) 7 7 6 6 BFGS (o) 5 5 5 5
DFP (o,r) Inf 12 6 12 BFGS (o,r) 10 10 10 10
DFP (0,32) Inf Inf 6 6 BFGS (0,32) 5 5 5 5
DFP (0,32,r) Inf 12 6 12 BFGS (0,32,r) 10 10 10 10

Table 1: LogReg results summary. Number of iterations with ;o) = 107%. ¢ = 5
multisecant vectors. Inf = more than 10000 iterations, or diverged. ¢ = 10,m =
2000, n = 1000. None use p-scaling. * = direct update, all else are inverse updates. 1
= single secant, v = vanilla, s = symmetric, p = PSD projection, o = ours, r = rejection
used, with tolerance 0.01. cu = curve fitting, an = anchored at most recent. The number
refers to v, in u-correction. A more extensive table can be found in Appendix @

Here, we generate the data as
Z;i; ~N(0,1), W,;; ~N(0,1), z; ~N(0,1), i=1,..,m, j=1,..,n

and N
~ A Ax+oN

AZ'":ZZ'"C', A= = s = .
I 14l [z + 0N

The normalization steps are used to control the signal-to-noise ratio, and so that the
same step size can be applied for all values of m, n, o, etc.

Table 2| gives the number of iterations to reach e;o) = 1073 for p-order minimiza-
tion, p = 2.5. We also include experiments for p = 1.5 and p = 3.5 in Appendix
Many ablations are not consistent; sometimes p-correction was essential to give
convergence; other times it was not necessary, but not harmful (with a few exceptions).
p-scaling also helped most of the time; in contrast, in the previous experiments (Tab.
it prevented “surprisingly fast” convergences. We also include PSD convergence
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Medium noise (o = 1) Low noise (o = 0.1)
c=10 ¢=30 ¢=50|¢=10 ¢=30 ¢=50
Newton’s 5190 5178 5239 5228 5201 5255
Grad. Desc. Inf Inf Inf Inf Inf Inf
Br. (d,S) Inf 9670 Inf Inf Inf Inf
Br. (d,v) 2197 669 428 737 638 837
Br. (d,s) 8542 3460 4897 7600 6288 3614
Br. (d,0) Inf 4752 3798 7360 3426 4904
Br. (i,v) 1549 Inf 1379 1699 3903 682
Br. (i,s) 2393 1083 468 560 531 486
Br. (i,p) 9475 4280 Inf Inf 4273 3889
Br.* (i,0) Inf 9856 8819 9910 8139 Inf
Br.* (i,0,22) 1860 504 3180 1475 1396 3653
Br.* (1,0,500) Inf Inf 7836 4707 7015 9680
Pow. (d,v) Inf 1158 Inf Inf 951 Inf
Pow. (d,s) 4216 2811 3901 6321 3493 1868
Pow. (d,0) 6100 2588 3266 5193 3814 3063
Pow. (d,0,22) 5183 2884 4511 3943 4482 3774
Pow. (d,0,500) 4336 3267 3883 4039 3155 3492
DFP (i,s) 512 589 495 505 506 489
DFP (i,p) 7189 2324 2156 8332 4935 4825
DFP* (i,0) 490 4717 479 493 480 487
DFP (i,0) 3608 465 470 479 462 486
DFP* (i,0,22) 499 497 478 493 486 475
DFP (i,0,22) 1083 542 470 482 462 479
DFP* (i,0,500) 490 477 479 493 480 487
DFP (i,0,500) 5673 465 470 479 462 486
BFGS (d,v) 511 Inf 814 1141 469 488
BFGS (d,s) 1097 749 2294 510 553 4273
BFGS (d,0) 614 641 1951 Inf 4516 Inf
BFGS (i,v) 459 1190 457 472 513 4122
BFGS (i,8) 488 823 608 776 484 502
BFGS (i,p) 462 485 451 437 513 805
BFGS* (i,0) 536 477 488 634 775 512
BFGS (i,0) 795 Inf 466 475 480 Inf
BFGS* (i,0,22) 497 477 476 1658 491 573
BFGS (i,0,22) 491 539 495 564 960 479
BFGS* (1,0,500) 536 477 488 635 775 512
BFGS (1,0,500) 796 Inf 466 475 480 Inf

Table 2: p order minimization, p = 2.5. Number of iterations with €1 = 1072
q = 5 multisecant vectors. Inf = more than 10000 iterations, or diverged. m =
1000,n = 500. Lines were removed if they were all divergent, or not competitive
based on similar variations. * = uses p-scaling. d = direct update, i = inverse update, 1
= single secant, v = vanilla, s = symmetric, p = PSD projection, o = ours, r = rejection
used, with tolerance 0.01. The number refers to v, in p-correction. A more extensive
table can be found in Appendix @

results which in some cases were competitive, but in most cases were not, showing that
the conditions of a descent direction, and of well-conditioning of the Hessian estimate,
are both needed for good convergence. Overall, however, we conclude that a multise-
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cant approach significantly enhances convergence speed, and diagonal perturbation
often enables convergence in cases that would otherwise diverge.

5.3 Cross-entropy loss

Finally, we consider the cross-entropy loss function, commonly used in multiclass
logistic regression in machine learning. Here, x € R™*"<, where n.. is the number of
classes. Then, for data and labels generated as

b

Zij ~N(0,1), Wip~N(0,1), xjp~N(0,1), A=Zc;, Aij= T
2
forer=1,...m,5=1,...,n,k=1,...,n. and for a; and xj, the ith and kth column
of Aand X,
b; = argmaxa:xk + oW, k.
k=1,...,n.

Then the cross-entropy loss function is
m m .
FOX) = =3 ol +log [ 3 enl s
i=1 j=1

Table gives the number of iterations to reach ey, = 1073, Many of the experi-
ments did not converge; for example, none of the Powell variations, or the direct update
variations for Broyden or DFP converged. In comparison, BFGS is much more stable
across the board. While in many cases, a vanilla or plain symmetrized version seems
strong, there are also cases where our update, coupled with p-correction, p-scaling,
and rejection, is competitive.

Overall, the multiclass cross-entropy problem served to be a far more difficult
problem than its related counterpart, binary logistic regression. This is partially due to
the block-diagonal structure of the Hessian, which seems to worsen conditioning. This
also resulted in Newton’s method being significantly slower for this problem, which is
why we did not run it. (Note, however, that gradient descent is not much better.)

5.4 Discussion

From numerical experiments, we draw several conclusions. When tackling difficult
problems (e.g., ill-conditioned Hessians, extreme SNR values common in real-world
applications), gradient descent and Newton’s method struggle significantly. Gradient
descent requires many iterations to converge, though its complexity-per-iteration is
comparable to that of the QN methods when memory is cheap. Newton’s method
noticeably requires fewer iterations, but that too can depend on problem conditioning;
this is observed not only in a longer iteration complexity, but also in the time required
for each direct solve step to complete within a tolerable precision. Additionally, there
is almost always a marked improvement from using a single-secant QN method




Advancing Multi-Secant Quasi-Newton Methods for General Convex Functions 19

High noise (o = 1.0) Medium noise (o = 0.1)
c=10 ¢=30 ¢=50|¢c=10 ¢=30 ¢=50
Grad. Desc. Inf Inf Inf Inf Inf Inf
Br. (i,s) 1006 9679 4566 1052 Inf Inf
Br. (i,0,s,10) 1435 8457 4519 5284 3089 Inf
DFP (i,s) 1206 Inf Inf Inf Inf Inf
DFP (i,0,s) 2924 Inf Inf 3727 3469 Inf
DFP (i,0,s,10) 1037 Inf Inf 852 917 Inf
DFP (i,0,10) Inf Inf Inf Inf Inf Inf
DFP (i,0,s,100) 2064 Inf 8840 1362 972 1315
BFGS (d,1) Inf Inf Inf Inf Inf Inf
BFGS (d,v) 817 Inf 1177 681 1035 Inf
BFGS (d,s) 1093 Inf 6714 Inf Inf Inf
BFGS (d,o0) 1494 Inf 9609 1497 2012 Inf
BFGS (d,0,10) 1153 7282 9609 1497 2683 Inf
BFGS (d,0,100) Inf Inf 9609 1497 2168 Inf
BFGS (i,v) 666 3069 1907 691 830 Inf
BFGS (i,v,r) Inf Inf Inf Inf Inf Inf
BFGS (i,s) 1296 5729 2523 1001 1471 Inf
BFGS (i,p) 1415 5838 3049 1109 1220 Inf
BFGS (i,0,s) 6664 Inf Inf 4435 5581 9759
BFGS (i,0,s,10) 1303 Inf 2649 Inf 1170 Inf
BFGS (i,0,s,100) Inf Inf 2565 2244 Inf Inf
BFGS (i,0,s,1) 3251 Inf Inf 2768 4816 Inf
BFGS (i,0,s,100,r) 5830 Inf Inf 4750 Inf Inf

Table 3: Cross entropy loss summary. Number of iterations with e;) = 1073, ¢ = 5.
Inf = more than 10000 iterations. m = 200, n = 100, n. = 10. Some lines where no
experiments converged or were competitive were removed. * = uses p-scaling. d =
direct update, i = inverse update, 1 = single secant, v = vanilla, s = symmetric, p =
PSD projection, o = ours, r = rejection used, with tolerance 0.01. The number refers to
v, in p-correction. A more extensive table can be found in Appendix

to a multisecant QN method in these problem settings, underscoring the value of
developing multisecant QN methods.

The case to improve MS-QN methods is now clear and well-motivated; in particu-
lar, as previously discussed, the quality of “descent direction” does not carry over for
MS-QN methods for general convex problems. Yet curiously, this does not seem to
consistently hamper performance; in particular, Broyden’s method seems to function
well in vanilla form. Powell’s method, on the other hand, is the most often unstable
method, in both the inverse and direct update scenarios. The BFGS method is overall
the strongest method, and seems indeed improvable using our diagonal perturbation,
though of varying degrees.

One unsatisfying aspect in this study is that the effects of the various improvements
(u-correction, p-scaling, and rejection method) do not appear to offer consistent
improvements. Finding a definitive solution for each problem setting remains elusive,
though an adaptive approach—testing improvements and selecting the best at each
step—might be promising.
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6 Limited memory multisecant BFGS

For very large problems, the proposed QN methods become computational infeasible,
even in their inverse update form (which avoids solving linear systems). In this case,
even storing a dense n X n matrix is prohibitive. Therefore, the limited memory
extension is essential for this level of scalability. The general idea is to approximate
B;flgt using only the past L terms (s;,y;), 4 = t,t — 1,...,t — L + 1 in the single-
secant methods, and (S;,Y;), ¢ =t,t — 1,...,t — L + 1 in the multisecant methods.
This is achieved via the approximation that B, = I.

Limited memory versions of QN methods have been previously studied [15} 30}
39, 44] with the most popular the L-BFGS method [46], which takes advantage of the
specific form of BFGS to form a memory-optimized two-loop algorithm. To extend
limited memory to general QN methods, one direct approach is to simply recompute
the intermediate matrices B[le and B[lSj forallt,j =t—L+1,...,t,and use
them to progressively build an approximate B; 'V f(z;).

However, our own experiments showed that such direct implementations were so
numerically unstable that in general, picking ¢ = 1 (single-secant) and (surprisingly)
L = 1 was always best. The exception to this observation is the multisecant L-BFGS
method, where by using the well-known two-loop update strategy, the conditioning
of the iterates was stable enough such that larger values of ¢ and L indeed indicated
speedups. Therefore, we focus on this specific extension; even then, often the L = 1
extension is the most stable.

Two loop L-BFGS. The key to the two-loop L-BFGS iteration [32] is the fact that the
inverse update can be written in a specific factored form. Specifically, when Y, S;
and Y, B; 'Y are invertible, then

By = -8:(Y, S) Y, ) B (I = Ya(S V)71 ST) = Su(S va) 1S/ . (22)

=Vi tail term: R¢ Z,”
where R;, Z; are easy to precompute, and V;( is easy to apply. E]T hen, defining for
1< 4,
Aij = =Vi)(I =Vig1)---(I=Vj)
and qi+1 = g, ¢ = (I — Vi)qi41 = A; g+ and rolling out the iterates,
_ AT T T
Hitr9e =Ai_piapntt—r1 + Ao Ri—1Zy 11 @—L+2,k
+o ot (L= Vi) R Z) g+ R Z[ g

So, we may recursively define

U—r41 = (I = Vicpy1)V@—r+1 + R 112, 1 11— 1+2,
w1 = (I = Vi)ui + RiZ qis1

2 These only require the terms Sy and Y7, and inverses of ¢ X ¢ matrices.
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where B, IL 1 = I and Hiy191 = uy. Furthermore, to avoid holding onto the L
vectors, it is custom to compute and save a; = Z, ,q;, and simply update u;; =
(I — Vi)u; + ajy17Z;. Since V; is always a rank-¢g matrix, then this gives a two-loop
recursion that, by first computing g;+1, ..., ¢t—r,, and then u;_y,, ..., uy, we arrive at
H,19: without ever forming an n X n matrix, using O(Lgn) operations.

This two-loop implementation significantly reduces the amount of precompute
and memory required at each iteration, from O(q®L?) to O(¢>L) precompute, and
from O(gnL?) to O(gnL) memory. However, it relies on the factored form B;_, =
(I —U)B;*(I -V,") + R;Z,” where U;, Vi, Ry, and Z; are low rank and do not
depend on B;. As was observed in previous works [30], the other QN methods do not
seem to reduce to such convenient structure.

Almost multisecant L-BFGS. As previously stated, forming a diagonal perturbation
based on Dy ;, Wy, and Dy 4, as is done in the full-memory case, presents numerical in-
stabilities in the limited memory case. Therefore, we modify our diagonal perturbation
to only focus on the “tail term” in (22), which only uses the most recent multisecant
matrices S; and Y;. The full algorithm is provided in Alg. §]

6.0.1 ~-scaling

This scaling method (often called self-scaling) for BFGS [36] is a numerical method
often used to attempt to contain the eigenvalues of the update matrix H},. Specifically,
adjusted for multisecant updates, the update, for d; = B;S; is

Byp1 = (By — BiSi(S{ BeSy) ™' S] By) + Y, (Y, S)~'Y,"

where the unscaled BFGS sets 7; = 1 and the scaled one uses v; = ytT st/ stT H;s;. We
find that for our experiments, this choice of +; did not provide consistent improvements
in numerical stability, but picking a constant ; sometimes did.

Algorithm 3 One step L-MS-BFGS  Algorithm 4 AMS-QN

Input: g¢, v, V;, R, Z;, Input: zo, o, p, f(x), Vf(x)
forje{t—L+1,..,t} Output: fi1 ()

Output: d; = B; ', gt I: fork=1,...,Tdo

l:g=gt 2:  Update S; and Y; using (I0) , (T1), (12)

2: fori=t,t—1,...,t — L+ 1do 3: Reject violating secant vectors in S¢,Y:

33 air1=2q 4:  Update d; = B;th(act) using Alg.

4 q=(I-Vi)q 5. Using D14 = Doy = S, Wy = —S,1 Y,
5: end for use Alg. [T]to pick fit so that H + fi; 1 is PSD.
6: j=t—-L+1 6:  Update with p-scaled step size

7 u= (I -V;")vq+ Rjay,

8 fori=t—L+2,...,tdo Tt+1 :xt—a(dt—l-utv_f(xt))

9. u=I-V,\u+ Riait1

10: end for 7: end for

11: return d; = u
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Fig. 5: Performance of L-MS-BFGS on logistic regression. AMS = almost multi-secant
(our method). Top. r = rejection. Bottom. no rejection or scaling used. The problem
sizes are m = 2000, n = 1000.

Figure [5] shows the performance of the limited memory MS-BFGS method on
the logistic regression problem. Stability is a critical issue, especially for larger L, to
the point that the for lower precision solutions, gradient descent is clearly superior.
However, for high precision solutions, a quasi-Newton method is still advantageous.
Here, use of the improvements (rejection, p-scaling, and y-scaling) play a big role in
improving stability.

Table[]gives a summary of the limited memory MS-BFGS over logistic regression.
Larger values of L exacerbate the stability issue, a phenomenon that is also known
in the L-BFGS literature. The method is especially powerful when + is hyper-tuned.
There are some cases in which diagonal perturbation improves matters, but it is less
consistent than in the full-memory BFGS methods.

Figure 6] presents the runtimes of various logistic regression methods. For larger
problems, the complexity ordering aligns with intuition: gradient descent, limited-
memory BFGS, BFGS with inverse updates, BFGS with direct updates, and finally,
Newton’s method. Notably, the limited-memory extension is crucial for scalability,
though its practical implementation remains challenging.
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Low High Low High

cu an cu an cu an cu an
Newton’s 11 11 11 11 Grad Desc 2051 2051 | 2357 2357
(L.g.type,y,*) (L.g.type,y,*)
(1,1,1,100) 4 4 4 4 (1,5,v,100) 8 8 8 8
(5,1,1,100) 508 508 | 1644 1644 || (1,5,v,100,r) 8 8 8 8
(5,5,5,0.1) Inf  Inf 6 6 (1,5,0,0.1,r) Inf 7 Inf 4125
(5,5,5,0.1,r) Inf 8933 6 4368 || (1,5,0,0.1,r,s¢) Inf 7 Inf 4125
(10,5,5,0.1) Inf  Inf 6 6 (10,5,0,0.1,1,5¢) Inf 8456 | Inf 8786
(10,5,5,0.1,r) Inf 8933 6 4138 || (10,5,0,0.1,r) Inf 8456 | Inf 8786
(1,5,5,1,r) Inf 7899 | Inf 7993 || (5,5,0,10,s¢c) Inf Inf Inf 28
(1,5,5,100) 8 8 8 8 (5,5,0,10) Inf Inf Inf 28
(1,5,5,100,r) 8 8 8 8 (10,5,0,10,s¢) Inf 39 Inf Inf

Table 4: Logistic regression, L-MS-BFGS. Number of iterations until
IV£(z)|I/IIVF(xo)|| < € = 107% ¢ = 10. inf = more than 10000 iterations.
o = 10,m = 2000,n = 1000. cu = curve hugging, an = anchored at most re-
cent. For type, 1 = single-secant, v = vanilla, s = symmetric, o = ours. sc = p-scaling,
r = rejection. All rows where no experiment did better than gradient descent were
removed. A more extensive table is found in Appendix@
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Fig. 6: Runtime of various methods. d = direct update, i = inverse update. 1 = single-
secant, v = vanilla multisecant, p = with PSD correction (infeasible in practice), o =
with diagonal correction. For L-MS-BFGS, the first number is L, the limited memory
size. For all MS methods, ¢ = 5.

6.1 Application: Nonconvex neural network model training

We investigate the efficacy of L-MS-BFGS in training a small neural network (Fig.
[7). The nonconvex nature of the objective function introduces unique challenges; for
instance, a non-decreasing loss or gradient norm trace does not necessarily indicate
poor model training. Instead, performance must be assessed through the downstream
task metric, such as the misclassification rate.
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, Loss Grad norm Misclass rate Test misclass rate
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Fig. 7: Two layer neural network, with 10 input features and 100 hidden neurons. Last
layer is logistic layer. Problem is generated as described in Section[5.1} L = 1, ¢ = 5.
Dark trace is mean over 10 trial, light traces are the individual trials.

In this experiment, the MS methods exhibit greater instability in loss and gradient
norm compared to gradient descent. However, they can sometimes achieve faster
convergence in train and test misclassification rates. This behavior aligns with a
well-known phenomenon in deep learning: in networks where the final layer is logistic
(for binary classification) or uses cross-entropy loss (for multiclass classification), the
classifier effectively maximizes the margin. That is, even after the training data is
fully fitted, further training to reduce the loss can enhance generalization. In such
landscapes, the goal is not merely to obtain a quick, suboptimal solution but to achieve
a higher precision solution to the optimization problem.

7 Conclusion

In an era of growing problem sizes, higher-order methods leading to more precise
solutions are often traded for lower-order, more approximate, and often stochastic
methods. The prevailing justification is that in many large-scale applications, approx-
imate solutions are sufficient. However, even in deep neural network training, this
assumption is not always true; achieving higher-precision solutions offers significant
benefits for model generalization and robustness, particularly in margin-maximizing
methods. Moreover, for over-parameterized models (a dominant trend in modern ma-
chine learning) the optimal solution often lies in an especially ill-conditioned region of
the optimization landscape. Therefore, scalable higher-order methods remain crucial
for both scientific computing and machine learning. Multisecant methods provide a key
tradeoff, improving second-order approximation while maintaining low per-iteration
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complexity. Additionally, limited-memory extensions integrate naturally with these
methods.

Opverall, there are still many areas to explore in multisecant QN methods, of which
can lead to important contributions in large-scale optimization. The most critical
challenge in these methods remains numerical stability. In this work, we addressed
this issue by introducing a diagonal perturbation, which efficiently approximates the
full PSD projection approach of [42] to maintain descent steps. However, this is only a
partial solution, as further refinements and hyperparameter tuning are still necessary to
achieve consistently strong performance. Moreover, understanding how this technique
generalizes across different methods is crucial. While our results suggest that BFGS
is generally the most stable of the four methods examined, Broyden’s method often
performs surprisingly well with minimal modifications, raising questions about the
practical necessity of symmetric PSD Hessian approximations.

Additionally, we note that the key benchmark is not gradient descent, which cannot
achieve high precision solutions with competitive runtimes, but rather single-secant
QN methods of each forms. That being said, in cases where the solution lies in a poorly
conditioned region of the optimization landscape, multiple-secant methods show clear
advantages. Finally, while we did not explore stochastic optimization in this work,
existing research [3]] suggests that such extensions are feasible, and an interesting area
of future study.
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Appendix

A Proofs for Theorem

A.1 Linear algebra facts

Lemma A.1 Take U,V € R"*P, aslong as UV is invertible, andp < n, | —U(V TU)"'V T |2 =
UV TO) "V 2.

Proof First, we form Q = [ — U(VTU)*IVT. Here, we show that

QQT=1-vwvToy)y"WwT —vw'vyuT +uwvTuy"tvTvwTv)“tuT
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and we can derive
QR V=v-uWvTyyWv-v4+UuwvTu)y"tvTv=o0

where V is in the nullspace of Q" . So, if x is a nontrivial eigenvector of Q@ T, then it is a nontrivial
eigenvector of

(I-vvheeTu-vvh=u-vvh+u-vvhowTo)y-'vivwTv)y"'vTu-vvh
or for some eigenvector  in the nullspace of V1,
max 2T (I-vvHoQTu -vvhez
z:x T a=1,V T =0
=z'z—a'VViz4raTI —vvhow o)y 'vivwoTvy"'uT (I -vvhez

M~ N——
=1 =0
1+ UV~ WWTvuoTv)y~ U Tz
=14+ (VUTV)T'U |3
=2 (I+UWVTU)"WVTVUTV)" U )z.

Now, for P =1 — VVJf, the goal is to find the maximum eigenvalue of
I+ PUWVTU)"'WWTVUTV) IUPT.Define S = (VTU)(VTV)~L(UTV) and

det(A—1)I—PUST'UTPT)

= deUA=DD 45— (A= 1)-luTPT P

det(S)
= % det(VTOY(VTV) LTV = (A=1)"'UTPT PU)
% det(A—=D)(VTOY(VTV)"Y(UTV)-UTPTPU).

Since P=I—-VVt=T-V(VTV)"1VT, we compute
PU=U-V{VTV)"lvTU

vUTPTPU=UTU-UTV(VTV)"VTU

and therefore

det(A—1)I —PUSTUTPT)

= % det(()\ — 1)(VTU)(VTV)71(UTV) _ UTU + UTV(VTV)flvTU)
= %defs(k(ww‘1 —wvytuTuwTv)Th
=& ;etig;tl(;e;(vv)zv) detO — VT WUTWV)uTu@wTv)~1v).

where the zeros are the eigenvalues of V' (U T V)~ 1UTU(U T V)1V, and thus the largest is
lovTo)=tvis.

Lemma A.2 ForU € R**P, if |U — V||r < a||U||F, thenfor A=UVTU)" VT, p—||A]|~2 <

o2

Proof The first step yields

tr(U=V)T(U=V)=tr(UTU) = —tr(UTV)—te(VTU)+tr(V V) < (a® = 1)tr(U T U).
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Multiplying left and right by (VT U)~1V' T and simplifying gives

te(—2V (VTO) " 'WWT v T v)~tvTyvvTo)~tvT)
| —
BT
=tr(VWUTV) " H(=UTV-VTU+VTVYWVTU)"IVT)
< (@ -Dtr(VUTV)TUTUWVTU) IV = (0 — 1tr(AT A)
so
(@® = 1)tr(ATA) > tr(—2VBT + VBTBVT)
=tr(-2BTV 4+ BVTVBT)
= ||BVT - I||2F —tr(Ipxp) 2 —p.
Lemma A.3 (Smoothness for vectors) If
V2 f(u) = V2f (@)l < Lju — ]|
then I
IV f(w) = Vf(v) = V2f(u)(u— )] < 5 lle = o]l
Proof Consider the 1-D projection h.(u) = ¢! V f(u). Then Vh¢(u) = V2 f(u)c and
IVhe(u) = Vhe ()| = [I(V2f(u) = V2F(0))ell < Lie[lu — ]|
e.g. hc is L]|c||-smooth. Therefore,

hew) = hefw) — hew) (w— )] < AN o 2

Expanding the left hand since,
he(u) — he(v) — Vhe(u) T (u—v) = ¢ (Vf(u) = VI(©) — ' V2f(u)T (u— ).
Picking ¢ = Vf(u) — Vf(v)) — V2f(u)T (u — v) gives

Iell1V ) V@) ~ 927w -yl < 0o o2

Canceling out ||c|| completes the proof.

A.2 Small lemmas

Lemma A.4 (Primal dual contraction) Suppose Si,Y: € R"*P. Then

1/2

PGy ClIIR2L

1/2 —1/2
G Re = G2 < )
Proof For a single secant vector,
1

2zt = g(&+1) —g(&) = / g’ (& + Tri)redT

0

1
= —Grlz = —Gt_1/ (9" (& + i) — g’ (€0))redr
0
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1 G_1/2 L 2
= G2 = G 2zl < 62 [ Dl = 1S THImE
0

So if there are p multisecant vectors in R, then

t t
IGPRe Gy Pz = > > NG & - o) — G P g — o)l
J=t—p+1l=j+1
2

N\
g
-

—1/2
pllG, P IIR2L
A ele

IN

Lemma A.5 (Inverse estimate local proximity) Suppose that ||€o — €| < 7/L. Then ||G; || < 1%

T

Proof Since
1 = Gill = [|Go — Gell < Llgo — &l < .

Then
1 1 1

< <
T =Gl = 1=Llgo =&l — 1—7

Gl <
Gy |I_1_

Lemma A.6 (BoundonC) If |G| < 71, [I-G|| < 72, and |G —=CY|| < 3, and y1y2+73 <
1, then ||C|| < #

Y273
Proof From the following inequality,
[T=CH <I=GH+IG =CH <G =G+ G =C7H <z 473 =27,
if \; is an eigenvalue of C, then

1
max |l — A7 <y = A1 Ed-ml+n=X<—.
7 -

A.3 Linear and superlinear convergence proofs

A.3.1 Setup

We now consider the convergence proof for the symmetrized multisecant BFGS method with diagonal
perturbation, e.g.

Bl =-STs)"tyNHBlU-Y(STY)"1sT) + %S((STY)*1 +(yTs) HsT

next —
and

T =@ — (B '+ )V f ().

A.3.2 Scaling

We assume we start at some xq suitably close to *. Define Fy = V2f (zo) We then analyze the method,
scaled by Fp. Specifically, we define

& =FyPae, (&) = Fy PV, ).

Then s Lo
g(&) = Fy VPV (), 9(€7) =0 —= Vf(F, /¢ =o0.
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1/2 1/2

Define ry = Fg/Qst, 2zt = Fy 1/2 yt, and Cy = ByF, "'". Then

Sev1 =&+ e, 2= g(e41) — 9(&r).
By similar token, Ry = Fy/ %S, Z; = F, “/?Y;. We also include Gy = ¢'(&:), Ry = FoS, Z¢ =
F71Y;5 Now to generalize our analysis to the three different multisecant methods, we consider two
constructions of Cy = 1BtF ! the scaled Hessian approximation: the asymmetric version:

Cily = (I = Re(Z R)™'2[)C;7 M (I = Ze(R{ Ze) ' R)) + Re(R{ Z2) ' R[ + me Fo

and the symmetrized version

City == Ru(Z] Re)™'Z))C;7 (I = Zo(R} Z0) ' R))

(Re(R{ Z:)"'R{ + Re(Z] Re) 'R ) + e Fo

N =

_l’_

where Ci41 = C’;Lll is the unsymmetrized update and Cy41 = C';Lll is the symmetrized update. Taking
pt = 0 considers no diagonal perturbation, and p; > 0 with diagonal perturbation.

A.3.3 Contraction steps

We use the above variable assignments, with G = G, Z = Z;, R = R, Cnext = Ci41, and
IX]le = |GY2XGT/2| . The next two lemmas show that for either the symmetric or asymmetric case,
the one-step contraction analysis will eventually yield the same result. Thus, after this point, we consider
Chext to be from either the symmtrized or asymmetric (vanilla) method.

Lemma A.7 (One step, asymmetric) For the asymmetric update C . = C, 1 we have

next

IG = Crexillc = ullFolle < IIP(G = C™ P g+ II(G'Z = R)(RT2) 'R |g
+IRZTR)H(ZzTG™ = RT)P||g.
Proof Beginning with

Cnext -

(I-R(Z"TR)"'ZYC'"U-2Z(R"2)"'R")+ R(R"2)"'R" + 11,

P

then

Gl-crt, —ul = PG t-CcHPT — R(RT YIRT+Ga YU -PTY+ (I -P)GPT
=PGt—cHPT —RR"Z)"'RT
+G71Z(RTZ)"'RT + R(ZTR)"1zTGg tpPT
)

=PG - HPT +(G 1 Z-R(R"Z2)"'RT
+R(ZTR WG 'Z-R)TPT +R(Z"TR)"'RTPT.

Since

R(Z'TR)'R"PT =R(ZTR)'R"(I-Z(R"2)"'RT)
=R(Z"R)"'RT —R(ZTR)™'RTZ(R"2)"'R"T =0

we use triangle inequality of the || - || to complete the proof.

Lemma A.8 (One step, symmetric ) For the symmetric update C'__ C;_ll, we have

next
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|G = Cralle — ullFollg < IP(G—C " HPT|lg+ (G Z - R)Y(R"Z2)'R"||c
+|RZTR)"HZTG™ — RT)P|g.

Proof Beginning with

Cili=U-RZ"R)"'zHYc ' I-2Z(R"Z)'R")+

next

P
SR(RT2)™ + (ZTRTRT) +
then
Gl-oct.—pPGt—CcHPT —uI
_ f%R(RTZ)‘lRT - %R(ZTR)‘lRT LG U= P4 (I—P)G!
~-(I-P)G'1-P)T
= f%R(RTZ)‘lRT - %R(ZTR)_lRT +G 1 Z(RTZ)"'RT + R(ZTR)"1Z2TG™?
~-(I-P)G'1-P)T
_ %(G—lz “R(RTZ) 'R + %R(ZTR)_l(ZTG‘l “RT)+ %(1 — P!
+%G‘1(I —-P)—(I-P)G'I-P)
= %(G_lZ —R)(R"2)"'RT + %R(ZTR)_l(ZTG‘l —RT)
+%(1 - PGP+ %PG_l(I —-P")
= %(G_lZ —R)(R"2)"'RT + %1«2(27113)—1(2%:—1 —RT)+ %R(ZTR)_lzTG_lP
+%PG_1Z(RTZ)_1RT
= %(G_lZ —R)(R"2)"'RT + %1«2(27113)—1(5@—1 —RT)
+-R(ZTR)"Y(ZzTG ' -—RTP+ %P(G_IZ —R)(R"Z)"'RT

+

| = N

R(ZTR)"'RTP+ %PR(RTZ)_lRT

()
where

(x¢) = R(Z'TR)"'RT —R(Z"R)"'R"Z(R"Z)"'RT + R(R" 2)"'R"
—R(ZTR)"'ZTR(RT z)"'RT
=R(Z"R™'RT —R(Z"TR)'RT +R(R"Z)'R" —R(R"2)"'RT
=0.

We use triangle inequality of the || - || to complete the proof.

A.3.4 Main contraction lemma

The next three lemmas can be read as one lemma, whose point is to show the one-step contraction of
Gy o Cy 1|. However, we break it up into three parts for improved readability.
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Lemma A.9 (Contraction, part 1) Using the above variable assignments, with G = G, Z = Zy,

R = Ry, Chext = Cty1, then for the symmetric or asymmetric update, we derive

2 |G=Y2Z — GY/2R||,
IG=1/2Z|

1
_ 1 _ _
G 1*CnextHG§§HG t—CMe+ + wel| Folla

where
1

w= |GI2R(ZTR)-12T G172

Proof Beginning with Lemmas[A-7and[A-8] we have
IG = Craxille — ullFolle < I1P(G—C HPT g+ I(G™'Z - R)(RTZ) 'R ||q
+IR(ZTR)" 127G = RT)P|c-
Next,

(G2 - R)YR"Z)'R" g = (G"/?Z - G'?R)(R" 2)'RTG'/?||
<IGTV2Z - GPR)|2|(RTZ2) ' RTGY? | p

IRZTR) MG 'Z-R)TPT|¢
<G?Z2 = GPR)|2|I(RT2) " RTGY2?||p |GV PG|

1/w1
I(G=1/2Z — GY/2R)|2

= lG—172Z|

IIG71/2Z(RTZ)71RTG1/2”F ||G1/2PG71/2” .

=:1/wsy =:1/wy

Here, we define

LG PPaT ), = G2 (RT ) RTGM?)
w1 w2

Specifically, expanding,
1
= HI _ G1/2R(ZTR)—IZTG—1/2”
w1

and taking U = G'/2Rand V = G~1/2Z, using Lemma we get that

1 1 1
— =||GY?R(ZTR)'Z2TGT 2| = — = —.
w1 w2 w

Lemma A.10 (Contraction, part 2) Take G = G, Z = Zy, R = R¢, Cnext = Ci41. Suppose that

m

R|| < —=.
I H*Mﬁ

(23)

Forcy =

LMm? 3 LM?
2pm2 €2 = 5 7 we have

next

- - 1 - _
167" = Crexelle S(;+01HRIIZ)HG ' = C7 Yl + e2|| Rl + ullFole-
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Proof Using Taylor interpolation, we had previously shown that for each 7 = £1 — £2, there exists some £~
where 7 = ¢/(€)~1(g(&1) — g(€2)). Since mI < ¢'(¢) < M1, then || Z]] > 2 |[R]|, and so

1L MG o
IG=12Z| = m |R|
So including Lemmal[A-4]
_ 1, _ 2 ||G=1/2Z — GY/2R||,
1 _ _ < _ 1_ 1 i
167~ Crdale — iRl < 5167 ~C7e+ p
e o1, _ 2 M||GY2|| p|G=1/2||||R||2L
w m|| R|| 2
1 1 pLM?|R
< *QHG_l C_l\|G+7p72”H~
w w m

Next, taking U = G~1/2Z and V = G''/2 R and invoking Lemma

IGY2R - G=12Z|% _ pLM?

2 2
P S TG S S IR
F
and
1
280
2
SO
LM
LA
0.)2

IG™! = Crokille — ullFolle
1( LM
p

2!

- _ 1 LM?
Het-c 1||G+*(1+ = IR]?)

pLM?||R|
m2

o1 3LM2HR||
le +
2 m2

Lemma A.11 (Contraction, part 3) In addition to the previously listed assumptions, suppose that
- |léo — &t|| < /L, which implies |G 4 <i=by Lemma

- IRl = 5707
Take
LM? 3 LM? L  cam Lc1m2
=— 2= o —p, 3=+
2gm? 2 m2 2 Mf 2 M2L°
mVL mVL(mM VLG + 1) my/L
— (v , = (2 L )M\ Follp.
cq (2M + ez + S cs (2M +1)M|Follr
Then

- - - - -1 -1
1GY = Cihiller = 1G = €7 e < eal|RelllGy Y = O Hle + call Rell + pecs

Proof Since

IGe+1G = 1(Ger — GGyt +1 < |Gegr — G| |G +1,
<Ll <G

then
[Xle+1 < NGe1 Gy X Nle < (LGIrell + DX e
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Moreover,

1/2 1/2
”Gt+1 Ht+1 = ”Gtil t+1(Gt+1 -GGy 1Gt-(—IH

<GP NGr = Gl G Gerall 16

—— — ~——
<1/v2 <Ll LG|r¢|+1 <1/v2
Therefore, since
—1 —1 -1 -1 -1 -1
||Gt+1 - t+1Ht+1 - ”Gt - Ct+1||t+l < ||Gt+1 - Gt Ht+1,
then

,1 —1 -1 _ *1
HGt+1 t+1||t+1 < ||Gt+1G H”Gt t+1Ht + ”Gt+1 t Ht+1

LIITtH - Ljre|[(LG|lre] + 1)
< (= HIGT - o e+

2
L||rtH 1 _ Lllnll
< e catrgiert - oo+ (L e
L||r L|r: | (LG +1
(e g 5 Gl + 1)
2 2
Since
Ll||r 1 1 L L
Hrel s s egrg —1= 1 -1 (f et Rell + fcluRt\P) IR
2 P P 2 2
——
<0

and || Foll¢ < [|G¢ll2[|Follr < M||Fo|l F, then

,1 —1 —1 —1 —1
HGt+1 t+1||t+1 =Gy = Cy e < esl|RellllGy = O Ml + callRe |l + pees

where )
L L L cim Lecim
= R ZallRe*< =2 = =
2+Cl|| tH+201|| ell” < 2+M\E S MZL
L7 Lijr¢||[(LG||re || + 1) myvL mvVL(mM~VLG +1)
=T 41 < 1 =:
( + 1)e2 + 5 <|( 20 + 1)eca + 20 cq
L||r mvVL
A i le < (E L OMIFE =

A.3.5 Linear convergence

Lemma A.12 (Linear convergence main steps) Given assumptions (I8) and (I9), suppose also that, at
initialization,

P 5
[ — 25
D ll& —€ll < s (25)
and
_ LM? _3LM? _L, am L cim?
AT o2 T T o TV T 2 MEL
mvVL mvVL(mM~WILG + 1 mvVL
1= (TE 4 e 4 TR VECRD o (R M,

1 1 1 p’mc3(1-p)
=5 z — P L 2 pmegl—p)
f=ply+3)  y=ePmin{gn o e )
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1- P(1 — My + 3
§= T min{ m , p, il Pl) , o 2)}
T+ 3 MpVL' 2pL " p(ez +~ytea) 4L
Assume also that p is a decaying sequence, such that
oo
> ue < €:=min{1/4,1/(8M)}.
t=0
Then, for all t > p,
L Nlg(&)ll < dp*=F
2167 < ’Y+l§
3 |1€o =&l < 55
t—p m
501G =Gt le <4(1 = ph) + e
Proof First, note that
P < B =po(y+1/2) < —0
Bp' TP < B=pd(y /)*Mﬁ
. m . .
by using 6 < VP12V Now to prove the rest, inductively.
Base case. Att < p,
1. Since g(£*) = 0, the initial assumption @3} implies
lg€o)ll = llg(&e) — (€9l < M|&: — £° I < 6.
2. This actually results from 3,5 (base case), following the same logic as in the inductive step.
3. Since
P P . 20 1
leo — €ell < S lg — &mall < S lI& — €5 + €1 — €71 < 2 < .
i=1 i=1 M 2L
4. Sincey < 1/4,
t 4
[Rel < > >0 & =&l
i=t—p+1j=t+1
¢ P 2q6
<Y Y g-gltlga -l R =80+12 <8
i=t—p+1j=t+1
5. From Lemma[A.T1]
t 1 pt
IG5 = Clle = € < sy ea) DO IIRill < (eay + ea)Bp™" —— p
i=0
pd(y+1/2) _
< (esv + 04)%0 P<y(1-pY)

. 1—p
by using & < /) (es Fear )

Inductive proof. Assume 1,2,3,4,5 are true at iteration ¢.

- (3,5¢ = 1;+1) By multisecant condition, Ct Ry = Z;. So, it’s also true that Cyry = 2¢.
From 3, we have that |G || < %,
from 5, and using Lemma[A-6] then we have that

IlI—CiH <1/4+~+E=:cr.

and ||I — G¢|| = ||Go — Gt|| < L||€o — &¢|| < 1/2. Therefore,
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Since v < 1/4, € < 1/4, then ¢y < 1. Therefore, ||Cy| < —L - So

1—c

Gt = Cell < JGell IGF" = C7M| 1G] < My/(1 = er)
e ——

<M Y+E 1/(1—c7)
and thus
lg(&e+ Il < lg(§e+1) — g(§t) — Gere + Gire — Crre|
< Ng(§e41) — 9(&) — Gerell+ [[(Ge — Ce)re|
(L/2)||7¢]1? SM(y+)llrell/(1—c7)
Ll|rt|l2  M(y+€
< Az | MO +9,,
p
LBpt—?  M(y+¢€ _
< (BTN MOES gy
2 1—c7
Lp(yv+ 1)dpt=?  M(y+¢ 1 _
<( > + 1(7 Dp(y + Lysptr
—c7 2
. Since v < min{1/(8M),1/4} and § < W, we derive
Lp(y+ 3)8 - 5
(v + 3) M~ pC:Lp('y-i-l/Q)é M(’y:i—e) (yr1/2)<1.
2 1—c7 2 1—y—€—-1/4
| —
<t/4 <AM (v+€)(v+1/2)<1/2

- (3,4t = 5¢41) From Lemma 3 implies ”Gt_l || <1/2. From Lemma

t
G = Calle < (eav+ea) D IIRs||

i=0
¢ ¢
< (c3y +ca) Z B TP +cs5 Z Hi
i=0 i=0

t t
1 .
- 5 2)pi—p i
(c3v +ca) Eop (v + 5 A ;:O B

1. _ 1—pt L
< (esv+ea)pd(y + )p Pt o5 >
2 L=p i=0

1 1-pt ¢
Z\p~P ;
+3)p - +csi§:ouz

p(1—p)p?
< (esv + C4)p(’y +1/2)(es + ’7_104)(

t
=1 —p) 45> i
=0

N——
€t
- (4t — 3t+l) Taking
t+1 t+1 t+1
. S(y+1/2) 1
o — €eall < Sl — &l < SR < 3 poir < L -0 HL) L
i=1 i=1 i=1 L=p L—p 2L

. 1—p
using 6 < 54 F1/2)T"
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- (3t+1,5¢t+1 — 2¢41) From Lemma 3 implies ||Gt_+11 | < % Then
1 _
—1 —1 —1 —1 _
||Ct+1|| < ||Ct+1 - Gt+1|| + ||Gt+1H <y+e+ 5 =:C.
= (1,261 — 4441)
1 _1 = _
Ires1ll = I = B9l < IBZL Hlg(€ern)ll < Copttim?
and thus ||Ri+1] < pCd ptt1—P,
~—~
=B
Theorem A.1 (Linear convergence) Under the same conditions as Lemmal[AT2] convergence is linear. In
particular,

s — €5l _ 1
lew €l =2

IN

Proof

orp1 =&+ e — & = or = C; H(g(&) — 9(€7))
=C;7 N (Cr = Gr)or + C; N (Grov — g(&) + 9(67))

so given that we previously had

M € yt+e<1/2 yHe<1/(4M)
(8 <Pare LT

)

Ci — G| L ——————F——
R R

then

loerill < JIC; I ICe = Gell lloell + 1IC; | |Geoe — g(&e) + 9(€7)l
—— ——— ~——

<v<1/4 <1 <1/4 <(L/2)|lo]12

g + g gt||-
= t til > t

A.3.6 Superlinear convergence

Following Sections 6.4 and 6.5 of [35], we now show that linear convergence of the perturbed BFGS
method implies g-superlinear convergence. Specifically, we extend the results to the multisecant diagonally
perturbed case.

Scaling. We now use a different scaling for the remainder of the proof, which is more traditional. We
define i, = V2 f(z*), and

B.=F PR, 5, =F?s,  Yi=F v
So,
Loy, TS~ + (8Tt 0 YT
Biy1 = By + [Yi BiSi] {2(( ' St) . (Sy Y) )—(S;Btst)_l} [StTtBJ + pel

which implies
~ ~ -~ Loy Tg)-1 STy, -1 0 A
Bit1 = By + [Vi BiS¢] [2(( e St) T+ (S Ye) T } {

s A = ol % F7L
0 *(S;rBtSt)_l S:Bti| T hek
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Moreover, using Taylor’s theorem, for each single vector s; and y¢,

1 1
Yyt = / V2 f(x4—1 + Tst)sedr = (yr — Fost) = (/ V2 f(zi—1 + T5¢)dT —Fp)st.
0 0

—.F,
Therefore, given that we know z; — x*, we can define €; := ||zy — 2*|| — 0, and by L-smoothness of
the Hessian, then || F; — Fi|| < Le;. Thus,
5 & —1/2
Y2 — Sellz < [|1F ™ "ll2l|Y: — FxStll2
—1/2
<NE 2Nl Selall P — Iz
< PLIF 2 2)Suz e (26)
and o -
157 (Ve — S)ll2 < IS (Y2 — FuSi)ll2 < IS (Fy — Fu)Stll2 < ¢*LI|StI3 et 27

Lemma A.13 (Matrix determinant property) Suppose that for some X, Z, I + X7 Z = 0. Then
det(I + XZT +UVT) =det(-XTVUT 2).
Proof This simply follows from

det(I+XZT +UVT) = det (1 + [Uq [z v])

_ det 0 X'V
= \lwvTzr+uTv

=det(I+UTV)det(~XTV{I +UTV)"UTZ)
=det(—XTVUT 2).

Lemma A.14 (Matrix determinant perturbation) Assume B = 0. [f0 < € < 1/tr(B~1), then

det(B + €I) — det(B) < 2¢-det(B) - tr(B™1).

Proof Let A1,...,An > 0 be the eigenvalues of B. Then we know
n n
det(B) = [[ M, det(B+el)=]](Ni+e),
i=1 i=1
and so

det(B+eI)fdet(B):ﬁ i +e)— H,\ _detB)<ﬁ( )1)

=1 =1 =1
For all z > 0, log(1 + z) < z. Thus,
n n €
lo log 1+ )< — —e-tr(B7Y).
g<n( )) > o IEEREE
Therefore,
det(B + €I) — det(B) < det(B) - (exp(e - tr(B~1)) — 1) < € - det(B) - tr(B~1) - e=tr(B™")

since exp(z) — 1 < ze® forall = > 0.
Forany € € (0,1/tr(B~1)), since e* < 1 + 2z for small z, we can conclude:

det(B + €eI) — det(B) < 2¢-det(B) - tr(B™1).
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Lemma A.15 (Proxy functions converge) Assume that S'tT S is invertible and By is positive definite.
Additionally, assume that the method is convergent, e.g. x¢ — x*, and the perturbation pi < cs||xs —
x*||2 — 0. Then for

tr(B;) — Indet(B;)
q— tr((ggrétgt)il(gt—rététgt)) + lndet((gtTBgtS't)fl(S’;B,gétgt)),

e
Xt

then 1y = xt + ¢t + €+ where ¢ — 0, which in turn implies x+ — 0 and ¢+ — 0.
Proof First,

tr(Bit1) = tr(By) — tr(BeSe(S{ BiS) 1S By) + tr(Vi(S] Vi) 7Y, + petr(Fo)
and invoking Lemma[A-T3| with

X=-8, Z=BS(5/B:S)™t, U=B;'"vs, V=YY, So)!

det(Bt+1 — /,LtF()) = det(Bt)det(I — gt(S’;BtS’t)’lggét + B;li}t(fft—rsﬂt)ilﬁ)
et (F A1 a1 [(VTSHT 0 v
= det(By) det (1+ [B; 'Y: Si] 0 (&7 BS |57 B,
= det(By) det(S, Yi(Y," Sp) 1) det(Y," Su(S,) Br.S)™h)
= det(B;) det(S; Yz) det((S B:S:) ™).

Invoking Lemma[A-T4] this implies that for ¢ large enough,
dCt(B,H,l) S dCt(éz) dCt(g;r%) dCt((g;rBtgt)_l) + €1,
where €1, = O(ut) — 0. So we have

$(Bry1) —(Be) = —tr((S) BeSi) ' (S BeBiSt)) + tr((S{ Vo)1 (Y, Va))
—In(det(S] ¥2)) — In(det((S, B:S:)~1)).

Since 1 — ¢ + In(¢) is nonpositive for all ¢ > 0, then 1 — A + In(A\) < 0O for each positive eigenvalue A of
My = (S BiSy)~V/2(S; By By Sy)(S] BeSe) /2.
So, summing them all up,
xt = q — tr((S] BeSe) ™1 (S] BiBiS)) + In(det((S, B Se) ™1 (S, B:B:Sy)) < 0.
Also, since
det((S; BeSe) (S Se) "1 (S BeSy)) = det (S B.S] S, B.Sy) < det(S,” Be By Sy)

by monotonicity of gradient over Lowner partial ordering, then

det(ggétgt)2 <1
det(g:ététgt) det(S‘:St) -
and L L .
¢t = In(det(S, B:S:))? — In(det(S; B:B:S:)) — Indet (S S;) < 0.
So

$(Biy1) — ¥(Bt) = x¢ — q — In(det((Sy B:Sy) ™' (S B:B:St)) + tr((S{ ¥2) ™ (Y, V2))
— In(det (S V2)) — In(det((S,' B:Se) ™))
=Xt — g+ tr((S) Y2) "NV, V2)) — In(det (S, V) + ¢ + Indet(S, St).
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Defining
o = —q +tr((S] Vi) "LV, V2)) — In(det(S{ ¥2)) + Indet(S, Si) + 1.,
then ¢ (Bit1) — ¥(Bt) = xt + ¢t + e1,e.

Let us now bound the ez ¢+ term. From Property (27), we have that ||S¢(Yz — S¢)||2 < col|St||3et for
co = q2L||Fi*/?||,. So invoking Property €7,
ISTS)7V2(STY)(STS) ™21 = [[(STS) T 2(ST (Y =9)(ST )72 < collSiller — 0

which implies that the eigenvalues of %(STS)*UQ(STY +YTS8)(STS)"1/2 converge to 1. So,
det(S] Y1) (S Sy)~! — 1and

Indet(S, ¥;) — Indet(S; S¢) — 0.
Along similar lines,

tr((57 Vi) 7Y, VA) = (S Yi) M (ST S0V (8] )T A(Y, TV S R8T S0
(S Vo)~ (S, So)ll2 tr (Y, Vo) (S S0) ™)

A

—1
Finally, since
YTY(STS) = -8)T ¥ -9ETS) 1 +5T (¥ -8STS) +vTssTs)?

1/2

then for c1 = q4L2||F; ||%, co = ¢*L.

tr(YTY(STS) ™) =qll(Y —S)T (Y —85)(ST8) 7| +

Prop@ﬁcl ef

gIST(Y = 8)(STS) Y +tr(YTS(STS)™).

Propmgcget —q

All of this implies that there exists a constant c3 such that e2 ¢ < cze;. Therefore, given that w(BtJrl) —
¥ (Bt) — 0and both x¢ > 0, ¢ > 0, and € — 0, it must be that x; — 0 and ¢¢ — 0.

Theorem A.2 (g-superlinear conv.) Given assumptions (I8) and (19), and those of Lemma[AT2] then

15ell 7
which implies q-superlinear convergence.
Proof The property that
q
xt = (1+tr(x;) —In(\;)) =0
i=1 >0

implies that all the eigenvalues A; of (5’;r Btgt)*l(b:: BtBtS't) converge to 1. This implies that in the
limit, (S,” B¢ S¢)~1(S,) B¢B:St) — I, and

Jim. S, Bi(By — )8 = 0. (28)
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At the same time, ¢+ — 0 implies that

det(s‘:étét)z ) det(S’?BtS’t)
det(StTBthgt) det(S’tTS't) B det(StTS't)

For any two PSD matrices A and B, tr(AB) < tr(A)||B|2 < tr(A)tr(B), so

BiSi — Sil%  tr((BeSe — Se) T (BiSe — S, s A Te s s AT
1Bt St 2t||F (G E)TE 7 50) (B — 80T (Bie — 85T 5.
15el tr(S," Sr)

Expanding out,
er((BeSe — 50) T (BeSi = 51)(S) 1) 7)

= tx(5] BBS((S] 507! 287 BiSi(ST S0~ + 1)

= tr(I — 8 B:Se(S 85)™1)

=g — tr(U, B.Uy)
where Uy = S¢(S; S¢)~1/2 Here, det(U,” BUy) = det(S;] B1S¢(S;} S¢)~1) = 1, so using AM/GM
inequality,

tr(U, BiUp) > qdet(U, BiUy)Y/9 = q.

So,

1B:S: — Sel|%
1Sell%

This in turn implies that, for the batch of iterates & = (x¢, T¢—1, ..., Tt—q+1), that ¢ — (z*, ..., ™)
g-superlinearly, as a direct result of [13].

B Extended numerical results

B.1 Logistic regression extra experiments

We experiment with two types of models

Aij = bizij +wzijc; (High signal regime)

Aij =bizi (1 —¢j) +wz jc; (Low signal regime)
where ¢; = exp(—¢j/n) is the data decay rate (decaying influence of each feature), and z; ; ~ N(0, 1)
Gaussian distributed i.i.d. w controls the signal to noise ratio of the data, and the labels b; € {1, —1} with
equal probability (class balanced).

B.2 p-order minimization, extra experiments

This section presents extended results for the p-power minimization, in tables[7} [[2]

B.3 Cross entropy extra experiments

This section presents extended results for the multiclass logistic regression minimization, in tables@and

el
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B.4 Logistic regression limited memory BFGS

This section presents extended results for the multiclass logistic regression minimization, in tablem

B.5 Data availability statement

All experiments are done using simulations, which include code which will be made available on GitHub,
upon acceptance.
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Low signal regime High signal regime
c=10 c=30 ¢ =50 c=10 c=30 ¢ =50
curve anch. |curve anch. [curve anch. ||curve anch.|curve anch. |curve anch.
Newton’s 1T 11 11 1T 11 1T 11 11 11 11 1T IT
Grad. Desc. 2051 2051|2010 2010|2002 2002 || 2357 2357|2106 2106 | 2060 2060
Br. (d,1) 520 520 | 513 513 [ 510 510 || 575 575|529 529 | 518 518
Br. (d,v) 483 529 | 522 526 | 517 499 || 715 562 | 570 515 | 520 130
Br. (d,v,r) 505 521 | 502 514 | 502 512 || 573 577 | 525 532 | 529 523
Br. (d,s) Inf Inf | 539 1297| 602 708 || 545 821 | 497 885 | 484 1176
Br. (d,s,r) 749 576 | 845 502 | 745 867 || 933 6925|1020 642 | 835 646
Br. (d,p) 484 450 | 502 464 | 501 477 || 604 525 | 466* 460 | 438 472
Br. (d,p.r) Inf 1044 | Inf 1050|1824 1058|4828 1151|2781 1089|2927 1078
Br. (d,0) Inf 8076| 560 745 | 658 1406|| 862 1166| 570 959 | 447 709
Br. (d,0,32) Inf 8031| 606 930 | 726 561 || 651 1958 | 647 1Inf | 598 515
Br. (d,0,1000) Inf 8049| 560 745 | 658 1580 862 1182| 570 959 | 447 709
Br. (d,o,r) 1303 590 | 688 500 | 873 1022|| 787 4029|1460 748 |2009 741
Br. (d,0,32,r) 3191 576 | 721 500 | 684 878 || 766 4071 | 857 662 | 738 678
Br. (d,0,1000,r) 1303 590 | 688 500 | 873 1011|| 787 4025|1364 748 |2009 741
Br. (i,1) 520 520 | 513 513 | 510 510 || 575 575 | 529 529 | 518 518
Br. (i,v) 558 507 | 471 593 | 400 813 || 579 585 | 534 780 | 526 507
Br. (i,v,r) 505 521 | 502 514 | 502 512 || 573 577 | 525 532 | 529 523
Br. (i,8) Inf 2122|903 559 | 1543 534 || 1002 869 | 1242 594 | 555 529
Br. (i,s,1) 1000 631 |2025 712 | 1017 809 || 785 672 | 1527 834 | 596 521
Br. (i,p) 425 454 | 144 6* | 42* Inf 91 294 | Inf Inf | Inf Inf
Br. (i,p,r) Inf 631 | Inf 677 | 48 880 107 666 | Inf Inf | Inf Inf
Br. (i,0,8) 1063 1664 | 1559 858 | 957 962 || 1034 1056|1210 968 | 746 1031
Br. (i,0) 21 21 8 Inf | Inf 16 8 8 Inf 23 | Inf Inf
Br. (i,0,s,1) 1122 599 | 800 602 | 903 576 || 822 626 |2671 670 | 1508 528
Br. (i,0,r) 119 599 8 602 | Inf 576 8 626 | Inf 670 | Inf 528
Br. (1,0,8,32) 520 548 | 611 331 | 606 976 || 650 Inf | 1025 609 | 409 443
Br. (i,0,32) 21 21 8 Inf | Inf 16 8 8 Inf 23 | Inf Inf
Br. (i,0,8,32,r) Inf 599 | 510 602 | 633 576 || 629 626 | 645 670 | 532 528
Br. (i,0,32,r) Inf 599 8 602 | Inf 576 8 626 | Inf 670 | Inf 528
Br. (i,0,s,1000) 1056 1684|1551 858 | 957 962 || 1034 1056 | 1219 968 | 746 1032
Br. (i,0,1000) 21 21 8 Inf | Inf 16 8 8 Inf 23 Inf Inf
Br. (i,0,s,1000,r) 1168 599 | 800 602 | 903 576 || 822 626 |2671 670 | 1449 528
Br. (i,0,1000,r) 119 599 8 602 | Inf 576 8 626 | Inf 670 | Inf 528
Pow. (d,1) 532 532|529 529 [ 528 528 || 584 584 | 535 535 | 521 521
Pow. (d,v) 409 506 | 256 325 | Inf 499 || 508 Inf | 508 593 | 489 535
Pow. (d,v,r) 524 525 | 501 521 | 499 519 || 574 580 | 599 537 | 531 528
Pow. (d,s) 1520 496 | 1114 667 | 439 538 || 1154 494 | 1503 1442 | 519 1483
Pow. (d,s,r) 809 537 | 565 512 | 639 519 || 644 573 | 577 537 | 542 548
Pow. (d,p) 534 520 | 510 463 | 483 487 || 547 554 | 499 488 | 467 500
Pow. (d,p,r) 1599 860 | 2802 527 | 1742 529 || 1846 703 |2063 601 1911 625
Pow. (d,0) 529 492 | 502 798 | 1485 545 || 644 589 | 616 610 | 557 2978
Pow. (d,0,32) 2205 537 | 608 1071 | 657 814 || Inf 965 | 1216 687 | 551 1197
Pow. (d,0,1000) 529 492 | 502 798 | 1485 545 || 644 589 | 616 610 | 557 2978
Pow. (d,o,r) 583 537 | 498 512 | 692 519 || 615 573 | 471 537 | 542 548
Pow. (d,0,32,r) 515 537 | 651 512 | 680 519 || 1420 573 | 471 537 | 542 548
Pow. (d,0,1000,r) || 583 537 | 498 512 | 692 519 || 615 573 | 471 537 | 542 548
Pow. (i,1) Inf Inf | Inf 1Inf | Inf Inf || 294 294 | 746 746 | Inf Inf
Pow. (i,v) Inf Inf | Inf Inf | Inf Inf Inf Inf | Inf Inf | Inf Inf
Pow. (i,v,r) Inf Inf | Inf Inf | Inf Inf Inf Inf | Inf 1Inf | Inf Inf
Pow. (i,s) Inf 1Inf | 407 308 | Inf 532 || 519 612 | Inf 487 | Inf 251
Pow. (i,s,r) Inf Inf | Inf Inf | 1122 190 || 1022 Inf | Inf 1Inf | Inf 281
Pow. (i,p) 537 1822 367 377 | 245 367 || 423 1655| 245 601 | 277 356
Pow. (i,p,r) 2002 Inf | 465 754 | Inf 434 ||3302 Inf | 322 501 | Inf 286
Pow. (i,0,s) Inf Inf | Inf 389 | 453 Inf Inf Inf | Inf 107 | 828 471
Pow. (i,0) 8 Inf 8 6 8 6 5 5 8 6 10 6
Pow. (i,0,s,r) 2091 Inf | 1743 60 | Inf Inf Inf Inf [2152 Inf | 102 1289
Pow. (i,0,r) 7 7 7 7 7 7 5 5 49 Inf | 82 89
Pow. (i,0,s,32) Inf Inf | Inf 389 | 453 Inf Inf Inf | Inf 107 | 828 471
Pow. (1,0,32) 8 Inf 8 6 8 6 5 5 8 6 10 6
Pow. (i,0,5,32,1) 2091 Inf [1743 60 | Inf Inf Inf Inf |2152 Inf | 102 1289
Pow. (1,0,32,r) 7 7 7 7 7 7 5 5 49 Inf | 82 89
Pow. (i,0,s,1000) Inf Inf | Inf 389 | 453 Inf Inf Inf | Inf 107 | 828 471
Pow. (i,0,1000) 8 Inf 8 6 8 6 5 5 8 6 10 6
Pow. (i,0,5,1000,r) [| 2091 Inf | 1743 60 | Inf Inf Inf Inf |2152 Inf | 102 1289
Pow. (i,0,1000,r) 7 7 7 7 7 7 5 5 49 Inf | 82 89

Table 5: LogReg. Number of iterations until |V f(z¢)||/||[V.f(x0)|| < € = 1074,

q = 5. inf = more than 10000 iterations. ¢ = 10, m = 100, n = 50. d = direct update,
i = inverse update. 1 = single-secant, v = vanilla, s = symmetric, p = PSD, o = ours. s

= scaling, r = rejection with 0.01 tolerance. Number refers to v value in p-correction.

Broyden and Powell methods shown.
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Low signal regime High signal regime
c=10 ¢=30 ¢=50 c=10 ¢c=30 ¢ =50
curve anch. [curve anch. |curve anch. ||curve anch.|curve anch.|curve anch.
DFP (d,1) 504 504 | 500 500 [ 499 499 || 570 570 | 522 522 | 512 512
DFP (d,v) 663 439 | 764 990 | 515 548 || 1320 645 | 675 456 | 687 578
DFP (d,v,r) 508 509 | 505 507 | 506 507 || 575 576 | 528 530 | 542 521
DFP (d,s) 635 812 | 547 623 | 1961 515 || 596 903 | 940 452 | Inf 785
DFP (d,s,r) 671 509 | 681 651 | 636 551 || 602 2582| 639 687 | 518 668
DFP (d,p) 512 501 | 421 453 | 456 451 || 487 489 | 501 484 | 487 481
DFP (d,p,r) 909 549 | 1210 539 | 644 537 || 838 624 | 770 561 [ 1306 559
DFP (d,0) 666 603 | 646 447 | 535 1115|| Inf 707 | 511 1Inf | 598 463
DFP (d,0,32) 666 603 | 1040 719 | 526 1764 || 1079 681 | 2640 560 | Inf 851
DFP (d,0,1000) 666 603 | 646 447 | 535 1115|| Inf 707 | 511 Inf | 598 463
DFP (d,o,r) 651 509 | 1333 513 | 648 504 || 690 579 | 739 670 | 624 670
DFP (d,0,32,r) 2221 509 | 554 513 | 1698 504 || 1145 579 | 868 670 | 683 670
DFP (d,0,1000,r) 651 509 [1333 513 | 648 504 || 690 579 | 739 670 | 624 670
DFP (i,1) 504 504 | 500 500 | 499 499 || 570 570 | 522 522 | 512 512
DFP (i,v) Inf Inf | Inf Inf | Inf Inf Inf Inf | Inf Inf | Inf Inf
DFP (i,v,r) Inf Inf | Inf Inf | Inf Inf Inf Inf | Inf Inf | Inf Inf
DFP (i,s) 530 513 | 524 513 | 518 524 || 602 594 | 582 784 | 559 729
DFP (i,s,r) 760 511 | 548 510 | 1394 506 || 621 575 | 565 526 | 557 516
DFP (i,p) 425 708 | 434 369 | 442 330 || 503 592 | 389 37 | 420 426
DFP (i,p,r) 703 511 | 438 501 | 477 523 || 598 581 | 444 542 | 411 508
DFP (i,0,8) 461 390 | 451 408 | 442 398 || 524 419 | 582 418 | 467 405
DFP (i,0) 7 7 6 6 6 6 7 7 6 6 6 6
DFP (i,0,s,r) 968 405 | 470 403 | 433 402 || 475 424 | 471 410 | 456 408
DFP (i,0,r) Inf 12 6 12 6 12 9 13 6 12 6 13
DFP (i,0,s,32) 460 405 | 456 419 | 450 393 || 461 472 | 443 410 | 455 408
DFP (i,0,32) Inf  Inf 6 6 6 6 7 7 6 6 6 6
DFP (i,0,8,32,r) 456 405 | 445 403 | 407 403 || 465 435 | 543 414 | 494 410
DFP (i,0,32,r) Inf 12 6 12 6 12 9 13 6 12 6 13
DFP (i,0,s,1000) 461 390 | 451 408 | 442 398 || 524 419 | 582 418 | 467 405
DFP (i,0,1000) Inf  Inf 6 6 6 6 7 7 6 6 6 6

DFP (i,0,s,1000,r) 968 405 | 470 403 | 433 402 || 475 424 | 471 410 | 456 408
DFP (i,0,1000,r) Inf 12 6 12 6 12 9 13 6 12 6 13

BFGS (d,T) 502 502 [ 498 498 | 498 498 [[ 570 570 [ 522 522 | 512 512
BFGS (d,v) 499 499 | 498 498 | 500 490 || 569 569 | 522 519 | 517 515
BFGS (d,v,r) 502 503 | 500 501 | 500 500 || 572 572 | 524 525 | 541 515
BFGS (d,s) 576 1087|1246 643 |1268 560 || 916 869 | 659 1114| 542 571
BFGS (d,s,r) 750 506 | 596 505 | 1170 557 || 734 584 | 631 586 | 558 715
BFGS (d,p) 475 453 | 487 462 | 459 460 || 467 506 | 480 496 | 482 500
BFGS (d,p.r) 1807 545 | 740 535 | 660 533 || 1688 631 | 878 556 | 643 507
BFGS (d,0) 1768 725 | 784 935 | 859 1007 || 623 928 | 565 811 | 537 688
BFGS (d,0,32) 796 740 | 815 654 | 546 634 || 810 782 | 1755 669 | 731 1332
BFGS (d,0,1000) 1768 725 | 784 935 | 859 1007 || 623 928 | 565 811 | 537 688
BFGS (d,o,r) 544 503 | 578 502 | 689 502 || 804 574 | 543 525 | 523 515

BFGS (d,0,32,r) 583 503 | 717 502 | 689 502 || 710 574 | 543 525 | 523 515
BFGS (d,0,1000,r) || 544 503 | 578 502 | 689 502 || 804 574 | 543 525 | 523 515

BFGS (i,1) 502 502 | 498 498 | 498 498 || 570 570 | 522 522 | 512 512
BFGS (i,v) 499 502 | 500 502 | 497 502 || 569 576 | 527 519 | 511 517
BFGS (i,v,r) 502 503 | 500 501 | 500 500 || 572 572 | 524 525 | 541 515
BFGS (i,s) 530 539 | 926 1151|1509 567 || 608 811 | 851 1552| Inf 563
BFGS (i,s,r) 884 507 | 588 505 | 568 504 || 1235 574 | 1131 527 | 1141 520
BFGS (i,p) 265 268 | 152 183 | 281 289 || 377 305 | 256 288 | 549 195
BFGS (i,p,r) 665 507 | 1006 505 | 258 505 || 399 575 | 255 527 | 194 516
BFGS (i,0,) 466 667 | 446 854 | 651 488 || 646 418 | 1063 494 | 513 473
BFGS (i,0) 5 5 5 5 5 5 5 5 6 5 5 5

BFGS (i,0,s,r) 474 474 | 472 472 | 472 472 || 498 498 | 487 487 | 485 485
BFGS (i,0,r) 10 10 10 10 10 10 10 10 | 10 10 | 10 10
BFGS (i,0,5,32) 459 417 | 1336 409 | 450 574 || 460 459 | 451 424 | 501 408
BFGS (i,0,32) 5 5 5 5 5 5 5 5 6 5 5 5

BFGS (i,0,s,32,r) 474 474 | 472 472 | 472 472 || 498 498 | 487 487 | 485 485
BFGS (1,0,32,r) 10 10 10 10 10 10 10 10 | 10 10 | 10 10

BFGS (i,0,5,1000) || 466 667 | 446 854 | 651 488 || 646 418 | 1064 494 | 513 473
BFGS (i,0,1000) 5 5 5 5 5 5 5 5 6 5 5 5

BFGS (i,0,5,1000,r) || 474 474 | 472 472 | 472 472 || 498 498 | 487 487 | 485 485
BFGS (i,0,1000,r) 10 10 10 10 10 10 10 10 10 10 10 10

Table 6: LogReg. Number of iterations until ||V f(z;)||/||Vf(z0)|| < € = 1072
q = 5. inf = more than 10000 iterations. ¢ = 10, m = 100, n = 50. d = direct update,
i =inverse update. 1 = single-secant, v = vanilla, s = symmetric, p = PSD, o = ours. s
= scaling, r = rejection with 0.01 tolerance. Number refers to v value in p-correction.
DFP and BFGS methods shown.
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high noise (c = 10) medium noise (o = 1) Tow noise (¢ = 0.1)
c=10 ¢=30 ¢=50|¢c=10 ¢=30 ¢=50||¢c=10 ¢=30 ¢=50

Newton’s 2730 2632 2569 2801 2811 2884 2834 2790 2842
Grad. Desc. 1809 1392 1760 1213 1245 1787 1405 1358 2042
Br. (S) 1083 677 954 647 694 993 1359 705 877
Br. (i,S) 1145 1539 1240 627 1118 1000 956 1445 1672
Br. (d,v) 524 551 380 417 226 245 383 606 264
Br. (d,v,r) 1083 677 928 647 694 993 707 820 904
Br. (d,s) 2530 617 584 1666 1722 2402 1178 682 747
Br. (d,s,r) 3794 3636 1700 1421 1443 1511 1712 1735 1940
Br. (d,p) Inf Inf Inf Inf Inf Inf Inf Inf Inf
Br. (d,p.,r) Inf Inf Inf Inf Inf Inf Inf Inf Inf
Br. (d,0) 1070 624 673 Inf 3702 1564 7326 5246 1698
Br. (d,0,22) 1310 1522 494 Inf 1596 1871 4877 1496 2080
Br. (d,0,500) 2591 624 673 Inf 2322 2124 5500 Inf 4192
Br. (d,o,r) 3891 3062 1777 2324 1996 1976 2640 2395 2651
Br. (d,0,22,1) 3972 3673 1715 1819 1509 1590 1927 1831 2053
Br. (d,0,500,r) 4471 3861 1780 | 2292 1971 2703 2574 2330 2551
Br. (i,v) 1536 494 361 274 433 290 322 310 349
Br. (i,v,r) 1145 1530 1240 627 1118 933 707 771 903
Br. (i,8) Inf 1820 1047 Inf 1057 628 Inf Inf 554
Br. (i,s,1) Inf Inf Inf Inf Inf Inf Inf Inf Inf
Br. (i,p) 4815 2075 1838 | 4996 1648 974 4773 2397 1455
Br. (i,p,r) Inf Inf Inf Inf Inf Inf Inf Inf Inf
Br. (i,0,8) Inf 9350 6894 6234 6312 2629 2079 2067 2172
Br. (i,0) Inf Inf Inf Inf Inf Inf Inf Inf Inf
Br. (i,0,8,22) 895 686 651 2019 Inf 711 Inf 1612 1564
Br. (1,0,22) Inf Inf Inf Inf Inf Inf Inf Inf Inf
Br. (i,0,s,500) 1342 8493 Inf 3015 3361 2318 2164 2086 Inf
Br. (i,0,500) Inf Inf Inf Inf Inf Inf Inf Inf Inf
Br. (i,0,8,1) 5875 6836 4102 1598 3789 1792 1679 1747 1995
Br. (i,0,r) Inf Inf Inf Inf Inf Inf Inf Inf Inf
Br. (1,0,8,22,1r) Inf Inf Inf Inf Inf Inf Inf Inf Inf
Br. (1,0,22,r) Inf Inf Inf Inf Inf Inf Inf Inf Inf
Br. (1,0,s,500,r) Inf Inf Inf 1596 Inf 1773 1691 1693 2050
Br. (1,0,500,r) Inf Inf Inf Inf Inf Inf Inf Inf Inf
Pow. (d,1) 1783 1416 1025 821 740 964 963 973 1231
Pow. (i,S) Inf Inf Inf Inf Inf Inf Inf Inf Inf
Pow. (d,v) 997 294 342 592 270 202 272 475 400
Pow. (d,v,r) 1783 1416 1025 821 740 964 963 973 1231
Pow. (d,s) 873 315 416 1357 412 1106 607 695 728
Pow. (d,s,r) 1783 1416 1025 821 740 964 963 973 1231
Pow. (d,p) inf

Pow. (d,p,r) inf

Pow. (d,0) 399 316 744 1380 720 787 580 479 494
Pow. (d,0,22) 609 499 409 1800 561 566 785 701 1053
Pow. (d,0,500) 399 316 744 1380 965 787 580 479 494
Pow. (d,o,r) 1784 1416 1025 821 739 964 962 972 1231
Pow. (d,0,22,r) 1784 1416 1025 821 739 964 962 972 1231
Pow. (d,0,500,r) 1784 1416 1025 821 739 964 962 972 1231
Pow. (i,v) inf

Pow. (i,v,r) inf

Pow. (i,8) inf

Pow. (i,s,r) inf

Pow. (i,p) Inf Inf 3404 8336 3488 Inf Inf 6422 Inf
Pow. (i,p,r) Inf 2833 2343 Inf 5322 5136 Inf Inf Inf
Pow. (i,0,s) inf

Pow. (i,0) inf

Pow. (i,0,s,22) inf

Pow. (1,0,22) inf

Pow. (i,0,s,500) inf

Pow. (i,0,500) inf

Pow. (i,0,s,r) inf

Pow. (i,0,r) inf

Pow. (i,0,s,22,r) inf

Pow. (1,0,22,r) inf

Pow. (1,0,8,500,r) inf

Pow. (1,0,500,r) inf

Table 7: p-order minimization, p = 1.5. Number of iterations until

IVf(x)l/IIVf(z0)] < € = 1071 ¢ = 5. inf = more than 10000 iterations.
m = 100,n = 50. d = direct update, i = inverse update. 1 = single-secant, v =
vanilla, s = symmetric, p = PSD, o = ours. s = scaling, r = rejection with 0.01 tolerance.
Number refers to v value in p-correction. Broyden and Powell methods shown.
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high noise (c = 10) medium noise (o = 1) Tow noise (o = 0.1)
c=10 ¢=30 ¢=50|¢c=10 ¢=30 ¢=50||c=10 ¢=30 ¢c=50

DFP (d,1) Inf Inf Inf Inf Inf 7405 Inf Inf Inf
DFP (i,S) Inf Inf Inf Inf Inf 7405 Inf Inf Inf
DFP (d,v) inf

DFP (d,v,r) Inf Inf Inf | Inf Inf 7405 || Inf Inf Inf
DFP (d,s) inf

DFP (d,s,r) Inf Inf Inf | Inf Inf 7405 || Inf Inf Inf
DFP (d,p) inf

DFP (d,p,r) inf

DFP (d,0) inf

DFP (d,0,22) inf

DFP (d,0,500) inf

DFP (d,o,r) Inf Inf Inf Inf Inf 7429 Inf Inf Inf
DFP (d,0,22,r) Inf Inf Inf Inf Inf 7429 Inf Inf Inf
DFP (d,0,500,r) Inf Inf Inf Inf Inf 7429 Inf Inf Inf
DFP (i,v) inf

DFP (i,v,r) Inf Inf Inf Inf Inf 7405 Inf Inf Inf
DFP (i,s) Inf 4616 416 Inf Inf 522 Inf Inf Inf
DFP (i,s,r) Inf Inf Inf Inf Inf 7405 Inf Inf Inf
DFP (i,p) 5893* 1516* 877 8908* 3635 1801 Inf 3947% 3384
DFP (i,p,r) Inf Inf Inf Inf Inf 7405 Inf Inf Inf
DFP (i,0,s) Inf 9040 519 Inf 5224 477 Inf Inf 429
DFP (i,0) Inf Inf 1295 Inf 454 Inf Inf Inf Inf
DFP (i,0,s,22) Inf 2577 521 Inf Inf 720 Inf Inf Inf
DFP (i,0,22) Inf 2577 521 Inf 314 1356 Inf Inf Inf
DFP (i,0,s,500) Inf Inf 519 Inf 5224 477 Inf Inf 429
DFP (i,0,500) Inf Inf 1295 Inf 454 Inf Inf Inf Inf
DFP (i,0,s,r) Inf Inf Inf Inf Inf 7387 Inf Inf Inf
DFP (i,0,r) Inf Inf Inf Inf Inf 7387 Inf Inf Inf
DFP (i,0,s,22,r) Inf Inf Inf Inf Inf 7387 Inf Inf Inf
DFP (i,0,22,r) Inf Inf Inf Inf Inf 7387 Inf Inf Inf
DFP (i,0,s,500,r) Inf Inf Inf Inf Inf 7387 Inf Inf Inf
DFP (i,0,500,r) Inf Inf Inf Inf Inf 7387 Inf Inf Inf
BFGS (d,1) 1483 720 825 804 659 913 902 907 899
BFGS (i,S) 1483 720 825 804 659 913 902 907 899
BFGS (d,v) Inf Inf Inf Inf Inf 274 Inf Inf Inf
BFGS (d,v,r) 1483 720 825 804 659 913 902 907 899
BFGS (d,s) Inf Inf Inf Inf 520 2027 Inf Inf Inf
BFGS (d,s,r) 1483 720 825 804 659 913 902 907 899
BFGS (d,p) inf

BFGS (d,p,r) inf

BFGS (d,0) Inf 529 859 Inf Inf 481 Inf Inf Inf
BFGS (d,0,22) Inf Inf 320 Inf Inf Inf Inf Inf Inf
BFGS (d,0,500) Inf 534 859 Inf Inf 481 Inf Inf Inf
BFGS (d,o,r) 1486 721 825 805 660 914 909 908 901
BFGS (d,0,22,r) 1497 721 825 805 660 914 908 909 901
BFGS (d,0,500,r) 1486 721 825 805 660 914 909 908 901
BFGS (i,v) Inf Inf Inf Inf Inf 5350 Inf Inf Inf
BFGS (i,v,r) 1483 720 825 804 659 913 902 907 899
BFGS (i,s) Inf 574 1734 2185 3094 901 Inf 1175 3829
BFGS (i,s,r) 1483 720 825 804 659 913 902 907 899
BFGS (i,p) 2306 301 2583 360 4054 1181 3675 648 1179
BFGS (i,p,r) 1483 720 825 804 659 913 902 907 899
BFGS (i,0,s) 9336 317 3787 1198 323 1120 446 521 4693
BFGS (i,0) Inf Inf Inf Inf Inf Inf 243 Inf Inf
BFGS (i,0,s,22) Inf Inf Inf 1837 1607 442 967 1207 Inf
BFGS (i,0,22) Inf Inf Inf 290 1480 384 243 246 Inf
BFGS (i,0,s,500) Inf 317 Inf 2051 323 Inf 446 524 904
BFGS (i,0,500) Inf Inf Inf Inf Inf Inf 243 Inf Inf
BFGS (i,0,s,r) 1471 717 822 799 656 907 891 904 896
BFGS (i,0,r) 1471 717 822 799 656 907 891 904 896
BFGS (i,0,s,22,1) 1471 717 822 799 656 907 891 904 896
BFGS (1,0,22,r) 1471 717 822 799 656 907 891 904 896
BFGS (i,0,5,500,r) || 1471 717 822 799 656 907 891 904 896
BFGS (i,0,500,r) 1471 717 822 799 656 907 891 904 896

Table 8: p-order minimization, p = 1.5. Number of iterations until
IVf(x)Il/IIVf(z0)] < € = 107t ¢ = 5. inf = more than 10000 iterations.
m = 100,n = 50. d = direct update, i = inverse update. 1 = single-secant, v =
vanilla, s = symmetric, p = PSD, o = ours. s = scaling, r = rejection with 0.01 tolerance.
Number refers to v value in p-correction. DFP and BFGS methods shown.
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high noise (c = 10) medium noise (o = 1) Tow noise (o = 0.1)
c=10 ¢=30 ¢=50|c=10 ¢=30 ¢=50||c=10 ¢=30 c=50

Newtons method 5105 5061 5035 5190 5178 5239 [| 5228 5201 5255
Gradient Descent inf
Br. (d,1) Inf Inf Inf T Inf 9670 Inf ][ Inf Inf Inf
Br. (i,S) inf
Br. (d,v) Inf Inf 3937 2197 669 428 737 638 837
Br. (d,v,r) Inf Inf Inf Inf 4113 9701 2506 9208 5352
Br. (d,s) Inf Inf Inf 8542 3460 4897 7600 6288 3614
Br. (d,s,r) inf
Br. (d,p) inf
Br. (d,p.,r) inf
Br. (d,0) Inf Inf Inf | Inf 4752 3798 || 7360 3426 4904
Br. (d,0,22) inf
Br. (d,0,500) Inf Inf Inf | Inf Inf Inf || 9915 3711 2875
Br. (d,o,r) inf
Br. (d,0,22,r) inf
Br. (d,0,500,r) inf
Br. (i,v) Inf Inf Inf 1549 Inf 1379 1699 3903 682
Br. (i,v,r) Inf Inf Inf Inf 6042 Inf 3754 4509 5825
Br. (i,8) 1113 702 511 2393 1083 468 560 531 486
Br. (i,s,1) inf
Br. (i,p) Inf Inf Inf 9475 4280 Inf Inf 4273 3889
Br. (i,p,r) Inf Inf Inf Inf Inf Inf Inf Inf Inf
Br. (i,0,8) Inf Inf 9961 Inf 9856 8819 9910 8139 Inf
Br. (i,0) inf
Br. (1,0,s,22) 3358 963 2284 | 1860 504 3180 || 1475 1396 3653
Br. (i,0,22) inf
Br. (i,0,8,500) Inf Inf Inf Inf Inf 7836 4707 7015 9680
Br. (1,0,500) Inf Inf Inf Inf Inf Inf Inf Inf Inf
Br. (i,0,8,r) Inf Inf 8112 | 4881 5657 5864 4683 5360 5612
Br. (i,0,r) Inf Inf Inf Inf Inf Inf Inf Inf Inf
Br. (i,0,s,22,r) Inf Inf Inf Inf 4937 5927 4999 4759 5643
Br. (i,0,22,r) Inf Inf Inf Inf Inf Inf Inf Inf Inf
Br. (1,0,5,500,r) Inf Inf 8005 5001 5365 6409 4911 4651 6075
Br. (i,0,500,r) inf
Pow. (d,1) inf
Pow. (i,5) inf
Pow. (d,v) Inf Inf Inf | Inf 1158 Inf || Inf 951 Inf
Pow. (d,v,r) inf
Pow. (d,s) Inf Inf Inf | 4216 2811 3901 || 6321 3493 1868
Pow. (d,s,r) inf
Pow. (d,p) inf
Pow. (d,p,r) inf
Pow. (d,0) Inf Inf Inf 6100 2588 3266 5193 3814 3063
Pow. (d,0,22) Inf Inf Inf 5183 2884 4511 3943 4482 3774
Pow. (d,0,500) Inf Inf Inf 4336 3267 3883 4039 3155 3492
Pow. (d,o,r) Inf Inf Inf Inf Inf Inf Inf Inf Inf
Pow. (d,0,22,r) inf
Pow. (d,0,500,r) inf
Pow. (1,v) inf
Pow. (i,v,r) inf
Pow. (i,8) inf
Pow. (i,s,r) inf
Pow. (i,p) Inf Inf Inf Inf 9374 9186 Inf Inf 5984
Pow. (i,p.r) Inf Inf Inf Inf Inf 8328 Inf Inf 6394
Pow. (i,0,s) inf
Pow. (i,0) inf
Pow. (i,0,s,22) inf
Pow. (1,0,22) inf
Pow. (1,0,s,500) inf
Pow. (i,0,500) inf
Pow. (i,0,s,r) inf
Pow. (i,0,r) inf
Pow. (i,0,s,22,r) inf
Pow. (i,0,22,r) inf
Pow. (i,0,s,500,r) inf
Pow. (1,0,500,r) inf

Table 9: p-order minimization, p
IVf(x)Il/IIVf(z0)] < € = 1072 ¢ = 5. inf = more than 10000 iterations.

2.5. Number of iterations until

m = 100,n = 50. d = direct update, i = inverse update. 1 = single-secant, v =
vanilla, s = symmetric, p = PSD, o = ours. s = scaling, r = rejection with 0.01 tolerance.
Number refers to v value in u-correction. Broyden and Powell methods shown.
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high noise (c = 10) medium noise (o = 1) Tow noise (o = 0.1)
c=10 ¢=30 ¢=50|¢c=10 ¢=30 ¢=50||c=10 ¢=30 ¢c=50
DFP (d,1) inf
DFP (i,S) inf
DFP (d,v) inf
DFP (d,v,r) inf
DFP (d,s) Inf Inf Inf | Inf Inf Inf || Inf Inf 4521
DFP (d,s,r) inf
DFP (d,p) inf
DFP (d,p,r) inf
DFP (d,0) inf
DFP (d,0,22) inf
DFP (d,0,500) inf
DFP (d,o,r) inf
DFP (d,0,22,r) inf
DFP (d,0,500,r) inf
DFP (i,v) inf
DFP (i,v,r) inf
DFP (i,s) 2734 902 2030 512 589 495 505 506 489
DFP (i,s,r) Inf Inf Inf Inf Inf Inf Inf Inf Inf
DFP (i,p) Inf Inf Inf 7189 2324 2156 8332 4935 4825
DFP (i,p.r) Inf Inf Inf Inf Inf Inf Inf Inf Inf
DFP (i,0,s) 1308 1075 551 490 477 479 493 480 487
DFP (i,0) 1308 1075 723 3608 465 470 479 462 486
DFP (i,0,s,22) 3898 1380 839 499 497 478 493 486 475
DFP (i,0,22) 3898 1380 839 1083 542 470 482 462 479
DFP (i,0,s,500) 1386 1075 551 490 477 479 493 480 487
DFP (i,0,500) 1386 1075 723 5673 465 470 479 462 486
DFP (i,0,s,r) inf
DFP (i,0,r) inf
DFP (i,0,s,22,r) inf
DFP (i,0,22,r) inf
DFP (i,0,s,500,r) inf
DFP (i,0,500,r) inf
BFGS (d,1) Inf Inf Inf 4926 4833 4949 4414 3707 3310
BFGS (i,S) Inf Inf Inf 4926 4833 4949 4414 3707 3310
BFGS (d,v) 474 447 445 511 Inf 814 1141 469 488
BFGS (d,v,r) Inf Inf Inf 4926 4833 4949 4414 3707 3310
BFGS (d,s) 1893 Inf 2015 1097 749 2294 510 553 4273
BFGS (d,s,r) Inf Inf Inf 4926 4833 4949 4414 3707 3310
BFGS (d,p) inf
BFGS (d,p,r) inf
BFGS (d,0) Inf 1036 5020 614 641 1951 Inf 4516 Inf
BFGS (d,0,22) Inf 1574 6173 602 725 977 Inf 4516 1992
BFGS (d,0,500) Inf 2653 5020 603 641 1951 Inf 4516 Inf
BFGS (d,o,r) Inf Inf Inf 4928 4835 4951 4416 3709 3312
BFGS (d,0,22,r) Inf Inf Inf 4928 4835 4951 4416 3709 3312
BFGS (d,0,500,r) Inf Inf Inf 4928 4835 4951 4416 3709 3312
BFGS (i,v) 682 555 1527 459 1190 457 472 513 4122
BFGS (i,v,r) Inf Inf Inf 4926 4833 4949 4414 3707 3310
BFGS (i,s) 573 818 486 4388 823 608 776 484 502
BFGS (i,s,r) Inf Inf Inf 4926 4833 4949 4414 3707 3310
BFGS (i,p) 548 477 910 462 485 451 437 513 805
BFGS (i,p,r) Inf Inf Inf 4926 4833 4949 4414 3707 3310
BFGS (i,0,s) 474 496 453 536 477 4388 634 775 512
BFGS (i,0) 466 Inf 457 795 Inf 466 475 480 Inf
BFGS (i,0,s,22) 473 494 504 497 477 476 1658 491 573
BFGS (i,0,22) 469 494 452 491 539 495 564 960 479
BFGS (i,0,s,500) 474 496 453 536 477 488 635 775 512
BFGS (1,0,500) 466 Inf 457 796 Inf 466 475 480 Inf
BFGS (i,0,s,r) Inf Inf Inf 4917 4825 4941 4407 3699 3303
BFGS (i,0,r) Inf Inf Inf 4917 4825 4941 4407 3699 3303
BFGS (i,0,s,22,1) Inf Inf Inf 4917 4825 4941 4407 3699 3303
BFGS (i,0,22,r) Inf Inf Inf 4917 4825 4941 4407 3699 3303
BFGS (i,0,s,500,r) Inf Inf Inf 4917 4825 4941 4407 3699 3303
BFGS (1,0,500,r) Inf Inf Inf 4917 4825 4941 4407 3699 3303

Table 10: p-order minimization, p = 2.5. Number of iterations until
IVf(x)l/IIVf(z0)] < € = 1072. ¢ = 5. inf = more than 10000 iterations.
m = 100,n = 50. d = direct update, i = inverse update. 1 = single-secant, v =
vanilla, s = symmetric, p = PSD, o = ours. s = scaling, r = rejection with 0.01 tolerance.
Number refers to v value in p-correction. DFP and BFGS methods shown.
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high noise (c = 10) medium noise (o = 1) Tow noise (o = 0.1)
c=10 ¢=30 ¢=50|c=10 ¢=30 ¢=50||c=10 ¢=30 ¢=50
Newtons method 4882 4862 4847 4911 4895 4940 4940 4914 4954
Gradient Descent Inf Inf Inf Inf Inf Inf Inf Inf Inf
Newtons method, 4882 4862 4847 4911 4895 4940 4940 4914 4954
Gradient Descent, Inf Inf Inf Inf Inf Inf Inf Inf Inf
Br. (d,1) Inf Inf Inf 9884 Inf Inf Inf 8217 Inf
Br. (i,S) inf
Br. (d,v) Inf Inf 4404 585 Inf 693 734 539 864
Br. (d,v,r) Inf Inf Inf 9258 4489 Inf 9124 4979 3040
Br. (d,s) Inf Inf Inf 3923 1474 3479 1055 776 1107
Br. (d,s,r) inf
Br. (d,p) inf
Br. (d,p.,r) inf
Br. (d,0) Inf Inf Inf 3444 3974 5114 6299 3702 4096
Br. (d,0,22) Inf Inf Inf Inf 3922 Inf 1412 2959 5655
Br. (d,0,500) Inf Inf Inf 3285 4228 Inf 3139 3708 3955
Br. (d,o,r) inf
Br. (d,0,22,r) inf
Br. (d,0,500,r) inf
Br. (i,v) Inf Inf Inf Inf Inf 1064 Inf Inf 5110
Br. (i,v,r) Inf Inf Inf Inf 4842 Inf Inf Inf Inf
Br. (i,8) 3813 2046 649 1171 633 1191 667 496 525
Br. (i,8,1) Inf Inf Inf Inf 6538 Inf 6589 6388 Inf
Br. (i,p) Inf Inf Inf 8525 6173 Inf 5701 9321 5043
Br. (i,p,r) inf
Br. (i,0,8) inf
Br. (i,0) Inf Inf Inf Inf Inf Inf Inf Inf Inf
Br. (1,0,s,22) 1890 729 739 4532 2606 1166 784 1526 7172
Br. (i,0,22) Inf Inf Inf Inf Inf Inf Inf Inf Inf
Br. (i,0,8,500) Inf Inf 4973 Inf Inf Inf Inf Inf Inf
Br. (1,0,500) inf
Br. (i,0,8,r) Inf Inf Inf | 8861 9742 Inf || 7544 8105 Inf
Br. (i,0,r) inf
Br. (i,0,s,22,r) Inf Inf Inf | 7881 8839 Inf || 6939 Inf Inf
Br. (i,0,22,r) inf
Br. (1,0,5,500,r) Inf Inf Inf | 8102 9381 Inf || 7309 8128 9030
Br. (i,0,500,r) inf
Pow. (d,1) inf
Pow. (i,5) inf
Pow. (d,v) inf
Pow. (d,v,r) inf
Pow. (d,s) Inf Inf Inf | 1042 1649 Inf || 1978 2109 1762
Pow. (d,s,r) inf
Pow. (d,p) inf
Pow. (d,p,r) inf
Pow. (d,0) Inf Inf Inf 1368 1499 1458 691 832 1867
Pow. (d,0,22) Inf Inf Inf 868 2340 8288 985 687 2760
Pow. (d,0,500) Inf Inf Inf 1762 1087 1783 1192 780 2581
Pow. (d,o,r) inf
Pow. (d,0,22,r) inf
Pow. (d,0,500,r) inf
Pow. (i,v) inf
Pow. (i,v,r) inf
Pow. (i,8) inf
Pow. (i,s,r) inf
Pow. (i,p) Inf Inf Inf Inf 8520 5581 Inf 3492 8195
Pow. (i,p,r) Inf Inf Inf 6967 Inf 5373 Inf Inf 4519
Pow. (i,0,s) inf
Pow. (i,0) inf
Pow. (1,0,s,22) inf
Pow. (i,0,22) inf
Pow. (i,0,s,500) inf
Pow. (1,0,500) inf
Pow. (i,0,s,r) inf
Pow. (i,0,r) inf
Pow. (i,0,s,22,r) inf
Pow. (1,0,22,r) inf
Pow. (1,0,,500,r) inf
Pow. (1,0,500,r) inf

Table 11: p-order minimization, p = 3.5. Number of iterations until
IVf(x)Il/IIVf(z0)] < € = 1072 ¢ = 5. inf = more than 10000 iterations.
m = 100,n = 50. d = direct update, i = inverse update. 1 = single-secant, v =
vanilla, s = symmetric, p = PSD, o = ours. s = scaling, r = rejection with 0.01 tolerance.
Number refers to v value in p-correction. Broyden and Powell methods shown.
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high noise (c = 10) medium noise (o = 1) Tow noise (o = 0.1)
c=10 ¢=30 ¢=50|¢c=10 ¢=30 ¢=50||c=10 ¢=30 ¢c=50
DFP (d,1) inf
DFP (i,S) inf
DFP (d,v) inf
DFP (d,v,r) inf
DFP (d,s) inf
DFP (d,s,r) inf
DFP (d,p) inf
DFP (d,p,r) inf
DFP (d,0) inf
DFP (d,0,22) inf
DFP (d,0,500) inf
DFP (d,o,r) inf
DFP (d,0,22,r) inf
DFP (d,0,500,r) inf
DFP (i,v) inf
DFP (i,v,r) inf
DFP (i,s) Inf Inf Inf | 467 501 473 || 446 624 444
DFP (i,s,r) inf
DFP (i,p) Inf Inf Inf | 3723 1295 1520 || 1805 687 969
DFP (i,p.r) inf
DFP (i,0,s) Inf Inf Inf 456 462 459 478 456 488
DFP (i,0) 528 3264 5065 456 467 448 459 460 487
DFP (i,0,s,22) 4023 Inf 9278 471 518 457 475 489 518
DFP (i,0,22) Inf Inf 824 452 450 451 450 463 506
DFP (i,0,s,500) Inf Inf Inf 456 462 459 478 456 488
DFP (i,0,500) 528 3264 Inf 456 467 448 459 460 487
DFP (i,0,s,r) inf
DFP (i,0,r) inf
DFP (i,0,s,22,r) inf
DFP (i,0,22,r) inf
DFP (i,0,s,500,r) inf
DFP (i,0,500,r) inf
BFGS (d,1) Inf Inf Inf 2977 2950 4697 2107 2116 3005
BFGS (i,S) Inf Inf Inf 2977 2950 4697 2107 2116 3005
BFGS (d,v) 439 702 401 576 2765 364 441 445 870
BFGS (d,v,r) Inf Inf Inf 2977 2950 4697 2107 2116 3005
BFGS (d,s) Inf 731 9164 1793 1880 2791 2146 6083 3151
BFGS (d,s,r) Inf Inf Inf 2977 2950 4697 2107 2116 3005
BFGS (d,p) inf
BFGS (d,p,r) inf
BFGS (d,0) 9490 1023 494 832 1085 971 582 Inf 800
BFGS (d,0,22) Inf 1023 541 1239 1085 568 582 Inf 800
BFGS (d,0,500) 9490 1023 494 832 1085 896 582 Inf 800
BFGS (d,o,r) Inf Inf Inf 2981 2954 4701 2111 2120 3009
BFGS (d,0,22,r) Inf Inf Inf 2981 2954 4701 2111 2120 3009
BFGS (d,0,500,r) Inf Inf Inf 2981 2954 4701 2111 2120 3009
BFGS (i,v) 445 486 418 460 427 440 434 464 418
BFGS (i,v,r) Inf Inf Inf 2977 2950 4697 2107 2116 3005
BFGS (i,s) 834 620 463 763 713 479 742 477 457
BFGS (i,s,r) Inf Inf Inf 2977 2950 4697 2107 2116 3005
BFGS (i,p) 547 544 477 338 436 367 411 637 361
BFGS (i,p.r) Inf Inf Inf 2977 2950 4697 2107 2116 3005
BFGS (i,0,s) 503 505 448 881 542 567 774 675 520
BFGS (i,0) 459 602 436 461 449 Inf 465 496 451
BFGS (i,0,s,22) 504 496 571 479 470 634 553 580 499
BFGS (i,0,22) 460 464 499 463 456 446 465 509 677
BFGS (i,0,s,500) 503 505 448 837 542 567 954 678 520
BFGS (i,0,500) 459 602 436 461 449 Inf 465 496 451
BFGS (i,0,s,r) Inf Inf Inf 2974 2947 4692 2105 2114 3002
BFGS (i,0,r) Inf Inf Inf 2974 2947 4692 2105 2114 3002
BFGS (i,0,s,22,r) Inf Inf Inf 2974 2947 4692 2105 2114 3002
BFGS (i,0,22,r) Inf Inf Inf 2974 2947 4692 2105 2114 3002
BFGS (i,0,s,500,r) Inf Inf Inf 2974 2947 4692 2105 2114 3002
BFGS (i,0,500,r) Inf Inf Inf 2974 2947 4692 2105 2114 3002

Table 12: p-order minimization, p = 3.5. Number of iterations until
IV£(z)|I/IIVF(xo)|| < € = 1072. ¢ = 5. inf = more than 10000 iterations.
m = 100,n = 50. d = direct update, i = inverse update. 1 = single-secant, v =
vanilla, s = symmetric, p = PSD, o = ours. s = scaling, r = rejection with 0.01 tolerance.
Number refers to v value in p-correction. DFP and BFGS methods shown.
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high noise (c = 1) medium noise (o = 0.1) Tow noise (o = 0.01)
c=10 ¢=30 ¢=50|c=10 ¢=30 ¢=50|{¢c=10 ¢=30 ¢=50

Grad. Desc. inf
Br. (d,1) inf
Br. (d,v) inf
Br. (d,v,r) inf
Br. (d,s) inf
Br. (d,s,r) inf
Br. (d,p) inf
Br. (d,p,r) inf
Br. (d,0) inf
Br. (d,0,10) inf
Br. (d,0,100) inf
Br. (d,o,r) inf
Br. (d,0,10,r) inf
Br. (d,0,100,r) inf
Br. (i,1) inf
Br. (i,v) inf
Br. (i,v,r) inf
Br. (i,) 1006 9679 4566 | 1052 Inf Inf | 1083 1347 Inf
Br. (i,s,r) inf
Br. (i,p) inf
Br. (i,p,r) inf
Br. (i,0,8) inf
Br. (i,0) inf
Br. (i,0,s,10) 1435 8457 4519 | 5284 3089 Inf | 2651 1600 2845
Br. (i,0,10) inf
Br. (i,0,s,100) Inf Inf Inf | 8882 7813 Inf | Inf Inf Inf
Br. (i,0,100) inf
Br. (i,0,8,r) inf
Br. (i,0,r) inf
Br. (1,0,s,10,r) inf
Br. (i,0,10,r) inf
Br. (i,0,s,100,r) inf
Br. (i,0,100,r) inf
Pow. (d,1) inf
Pow. (d,v) inf
Pow. (d,v,r) inf
Pow. (d,s) inf
Pow. (d,s,r) inf
Pow. (d,p) inf
Pow. (d,p,r) inf
Pow. (d,0) inf
Pow. (d,0,10) inf
Pow. (d,0,100) inf
Pow. (d,o,r) inf
Pow. (d,0,10,r) inf
Pow. (d,0,100,r) inf
Pow. (i,1) inf
Pow. (1,v) inf
Pow. (i,v,r) inf
Pow. (i,s) inf
Pow. (i,s,r) inf
Pow. (i,p) inf
Pow. (i,p,r) inf
Pow. (i,0,s) inf
Pow. (i,0) inf
Pow. (i,0,s,10) inf
Pow. (i,0,10) inf
Pow. (i,0,s,100) inf
Pow. (i,0,100) inf
Pow. (i,0,s,r) inf
Pow. (i,0,r) inf
Pow. (i,0,s,10,r) inf
Pow. (i,0,10,r) inf
Pow. (i,0,s,100,r) inf
Pow. (1,0,100,r) inf

Table 13: Cross-entropy loss. Number of iterations until ||V f(zx)||/||V f(x0)|| <
e = 1073, ¢ = 5. inf = more than 10000 iterations. m = 100,n = 50. d = direct
update, i = inverse update. 1 = single-secant, v = vanilla, s = symmetric, p = PSD,
o = ours. s = scaling, r = rejection with 0.01 tolerance. Number refers to v value in
p-correction. Broyden and Powell methods shown.
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high noise (o = 1) medium noise (o = 0.1) Tow noise (¢ = 0.01)
c=10 ¢=30 ¢=50|c=10 ¢=30 ¢=50|¢c¢=10 ¢=30 ¢=50

DFP (d,1) inf
DFP (d,v) inf
DFP (d,v,r) inf
DFP (d,s) inf
DFP (d,s,r) inf
DFP (d,p) inf
DFP (d,p,r) inf
DFP (d,0) inf
DFP (d,0,10) inf
DFP (d,0,100) inf
DFP (d,o,r) inf
DFP (d,0,10,r) inf
DFP (d,0,100,r) inf
DFP (i,1) inf
DFP (i,v) inf
DFP (i,v,r) inf
DFP (i,s) 1206 Inf Inf | Inf Inf Inf | 977 1187 Inf
DFP (i,s,r) inf
DFP (i,p) inf
DFP (i,p,r) inf
DFP (i,0,s) 2924 Inf Inf 3727 3469 Inf 3349 3312 4344
DFP (i,0) Inf Inf Inf Inf Inf Inf Inf Inf Inf
DFP (i,0,s,10) 1037 Inf Inf 852 917 Inf 898 1021 1091
DFP (i,0,10) inf
DFP (i,0,s,100) 2064 Inf 8840 | 1362 972 1315 | 2250 1643 2106
DFP (i,0,100) inf
DFP (i,0,s,r) inf
DFP (i,0,r) inf
DFP (i,0,s,10,r) inf
DFP (i,0,10,r) inf
DFP (i,0,s,100,r) inf
DFP (i,0,100,r) inf
BFGS (d,1) inf
BFGS (d,v) 817 Inf 1177 | 681 1035 Inf | 876 Inf Inf
BFGS (d,v,r) inf
BFGS (d,s) 1093 Inf 6714 | Inf Inf Inf | Inf Inf Inf
BFGS (d,s,r) inf
BFGS (d,p) inf
BFGS (d,p,r) inf
BFGS (d,0) 1494 Inf 9609 1497 2012 Inf 1881 Inf 1552
BFGS (d,0,10) 1153 7282 9609 1497 2683 Inf 1881 Inf 1552
BFGS (d,0,100) Inf Inf 9609 1497 2168 Inf 1881 Inf 1552
BFGS (d,o,r) Inf Inf Inf 5033 Inf Inf Inf Inf Inf
BFGS (d,0,10,r) inf
BFGS (d,0,100,r) inf
BFGS (i,1) inf
BFGS (i,v) 666 3069 1907 | 691 830 Inf | 837 Inf 690
BFGS (i,v,r) inf
BFGS (i,s) 1296 5729 2523 | 1001 1471 Inf | Inf Inf Inf
BFGS (i,s,r) inf
BFGS (i,p) 1415 5838 3049 | 1109 1220 Inf | 988 Inf Inf
BFGS (i,p.r) inf
BFGS (i,0,s) 6664 Inf Inf | 4435 5581 9759 | 3542 6905 Inf
BFGS (i,0) inf
BFGS (i,0,s,10) 1303 Inf 2649 | Inf 1170 Inf | 1045 Inf 2379
BFGS (i,0,10) inf
BFGS (i,0,s,100) Inf Inf 2565 | 2244 Inf Inf | Inf Inf Inf
BFGS (i,0,100) inf
BFGS (i,0,s,r) 3251 Inf Inf | 2768 4816 Inf | 2827 5122 7782
BFGS (i,0,r) inf
BFGS (i,0,s,10,r) inf
BFGS (i,0,10,r) inf
BFGS (i,0,s,100,r) || 5830 Inf Inf | 4750 Inf Inf | Inf Inf Inf
BFGS (i,0,100,r) inf

Table 14: Cross-entropy loss. Number of iterations until ||V f(zx)||/||V f(x0)|| <
€ = 1073. ¢ = 5. inf = more than 10000 iterations. m = 100,n = 50. d = direct
update, i = inverse update. 1 = single-secant, v = vanilla, s = symmetric, p = PSD,
o = ours. s = scaling, r = rejection with 0.01 tolerance. Number refers to v value in
p-correction. DFP and BFGS methods shown.
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Low signal regime High signal regime
c=10 c=30 ¢=250 c=10 c= ¢c=250

cu an cu an cu an cu an cu an cu an
Newton’s 11 11 11 11 11 I1 I1 11 11 11 11 11
Grad Desc 2051 2051|2010 2010|2002 2002 || 2357 2357 | 2106 2106 | 2060 2060
(L,q) (type,y,)
(1,1) (1,0.1) 7991 7991 | 8001 8001 | 8003 8003 || 8125 8125|8049 8049 | 8034 8034
(1,1) (1,1) 5668 5668 | 5663 5663 | 5663 5663 || 5777 5777 | 5700 5700 | 5687 5687
(1,1) (1,10) 3332 3332|3341 3341|3342 3342 || 3451 3451|3389 3389|3377 3377
(1,1) (1,100) 4 4 4 4 4 4 4 4 4 4 4 4
(1,5) (v,0.1) Inf 9257 | Inf Inf | Inf Inf ||9311 Inf | Inf Inf | Inf Inf
(1,5 w1) 9369 8771 | Inf 7776|8282 7933 || 9444 8285 | Inf 7784|8845 9021
(1,5) (v,10) 6958 5242 | 6598 5755|5480 5734|5306 7878|9293 Inf | 6748 5695
(1,5) (v,100) 8 8 [4471 Inf |2318 3216 8 8 2974 2701|3430 3225
(1,5) (v,0.1,r) 8943 8933 | Inf 8936|8947 8938 || Inf 8981 | 8952 8952|8946 8946
(1,5 (v,1,r) Inf 8063 | Inf 8163 | Inf 8063 || Inf 7824 | Inf 8087 | Inf 8215
(1,5) (v,10,r) Inf 5568 | Inf 5656|9349 5775 || Inf 5617 | Inf 5682 | Inf 5618
(1,5) (v,100,r) 8 8 5956 3012|3702 1563 8 8 | 3889 2586|8435 2985
(1,5) (s,0.1) Inf Inf | Inf Inf | Inf Inf Inf Inf | Inf Inf | Inf Inf
(1,5 (s, inf
(1,5) (s,10) Inf Inf | Inf Inf | Inf Inf Inf Inf | Inf 1341|1400 Inf
(1,5) (s,100) 8 8 8 8 8 8 8 8 Inf Inf | Inf Inf
(1,5) (s,0.1,r) Inf 8890 | Inf 8911 | Inf 8858 | Inf 8962|8952 8952|8946 8946
(1,5) (s,1,0) Inf 7899 | Inf 7996 | 790 8067 || Inf 7993 | Inf 7589 | Inf 8100
(1,5) (s,10,r) 1005 4813 | Inf 5184 | Inf 5661 || 1232 5534 | Inf 5384 | Inf 5562
(1,5) (s,100,r) 8 8 8 8 8 8 8 8 Inf 3001 | Inf Inf
(1,5) (0,0.1,s¢) inf
(1,5) (o,l,s¢) inf
(1,5) (0,10,sc) inf
(1,5) (0,100,sc) Inf Inf | Inf Inf | Inf Inf Inf Inf | Inf Inf | Inf Inf
(1,5) (0,0.1,r,s¢) Inf 7 Inf 5 Inf  Inf Inf 4125| Inf Inf | Inf Inf
(1,5 (o,1,r,5¢) Inf Inf | Inf 6795| Inf Inf Inf Inf | Inf Inf | Inf Inf
(1,5) (0,10,r,s¢) Inf 4918 | Inf Inf | Inf Inf Inf Inf | Inf 5180| Inf Inf
(1,5) (0,100,r,sc) || Inf  Inf | Inf 7 Inf Inf Inf Inf | Inf 2593| Inf Inf
(1,5) (0,0.1) inf
(1,5) (o,1) inf
(1,5) (0,10) inf
(1,5)  (0,100) inf
(1,5) (0,0.1,r) Inf 7 | Inf 5 | Inf Inf || Inf 4125| Inf Inf | Inf Inf |
(1,5 (o,1,r) inf
(L,5) (0,10,r) Inf Inf | Inf Inf | Inf Inf Inf Inf | Inf 5501| Inf Inf
(1,5) (0,100,r) Inf Inf | Inf 7 Inf  Inf Inf Inf | Inf Inf | Inf Inf

Table 15: Logistic regression, L-MS-BFGS. Number of iterations until
IVf(xi)|l/IVf(zo)|| < e = 107%. ¢ = 5. inf = more than 10000 iterations.
o = 10,m = 2000,n = 1000. For type, 1 = single-secant, v = vanilla, s = sym-
metric, 0 = ours. sc = p-scaling, r = rejection.
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Low signal regime High signal regime

c=10 c=30 ¢ =50 c=10 c= ¢ =50

cu an cu an cu an cu an cu an cu an
Newton’s IT IT 1T 11 11 IT IT IT IT 11 1T 11
Grad Desc 2051 2051|2010 2010|2002 2002 || 2357 2357 | 2106 2106 | 2060 2060
(L.q) (type,y,™)
5,1) (1,0.1) 8919 8919 | 8923 8923 | 8924 8924 || 8964 8964 | 8939 8939 | 8934 8934
5,1 (1,1) 7514 7514|7570 7570 | 7574 7574 || 7598 7598 | 7581 7581 | 7598 7598
5,1) (1,10) 5166 5166|5212 5212|5235 5235 || 5241 5241|5238 5238|5243 5243
(5,1) (1,100) 508 508 |2439 2439|2938 2938 || 1644 1644 | 2819 2819 | 2904 2904
5,5 (v,0.1) Inf Inf | Inf Inf | Inf 9166 || Inf Inf | Inf Inf | Inf 9351
(5,5 (v,1) 9051 Inf | 9305 9151 | Inf Inf || 9353 Inf |9105 Inf |9433 9432
5,5 (v,10) 6358 6634 | 6464 6333 | 8821 7178 || 6687 6484 | 7356 6348|6365 6771
(5,5) (v,100) 3783 3588|3922 3913|4032 6309 || 3652 3671|4146 7440|6516 4168
(5,5 (v,0.1,r) 8943 8934 | Inf 8936|8947 8938 || Inf 8981 | 8952 8952|8946 8946
5,5 (v,Lr) Inf 8729 | Inf 8856 | Inf 8895 || Inf 8804 | Inf 8882 | Inf 8912
5,5 (v,10,r) Inf 6473 | Inf 6670 | Inf 6798 || Inf 6508 | Inf 6801 | Inf 6748
(5,5) (v,100,r) 4337 3254|4952 1500 | 6497 4290 || 4536 3084|5131 17 |5841 18
(5,5) (s,0.1) Inf Inf | Inf Inf | Inf Inf 6 6 5 5 Inf Inf
5,5) (s,1) Inf Inf | Inf 2797 | Inf Inf Inf Inf | Inf Inf | Inf Inf
(5,5) (s,10) 2438 Inf | Inf 2571 (2903 Inf Inf 2544 | Inf Inf | Inf 2351
(5,5) (s,100) Inf Inf | Inf 2954 | Inf 2671 || 2924 2909 | 2688 2383 | 2201 2570
(5,5) (s,0.1,0) Inf 8933 | Inf 7377 | Inf 8919 6 4368|8952 8952|8946 8946
(5,5) (s,1,r) Inf 8780 | Inf 8860|2464 8885 || Inf 8773 | Inf 88552929 8883
(5,5) (s,10,r) 2279 6507 | Inf 6697|2308 6789 || 2576 6555|2443 6649 | Inf 6754
(5,5) (s,100,r) 2925 3345|2518 Inf |2545 300 || 2777 3409 | 2448 3860 | 2636 4057
(5,5) (0,0.1,s¢) inf
(5,5 (o,l,s¢) Inf 2714| Inf Inf | Inf Inf Inf Inf | Inf Inf | Inf Inf
(5,5 (0,10,s¢) Inf  Inf ‘ Inf Inf | Inf 21 Inf 28 Inf Inf | Inf Inf
(5,5) (0,100,s¢c) inf
(5,5 (0,0.1,r,s¢) Inf 8876 | Inf Inf | Inf Inf Inf 8766 | Inf Inf | Inf Inf
(5,5) (o,l,1,5¢) 2766 8747 | Inf 8852|2527 8895 || Inf 8782 | Inf 8863 | Inf 8912
(5,5) (0,10,r,5¢) inf
(5.5) (0,100,r,sc) || Inf 3410| Inf Inf | Inf Inf || Inf Inf | Inf Inf | Inf 4727
(5,5) (0,0.1) inf
5,5 (o,1) Inf 2714| Inf 1Inf | Inf Inf Inf Inf | Inf Inf | Inf Inf
(5,5) (0,10) Inf Inf | Inf Inf | Inf 21 Inf 28 | Inf Inf | Inf Inf
(5,5) (0,100) inf
(5,5) (0,0.1,r) Inf 8876 | Inf Inf | Inf Inf Inf 8766 | Inf Inf | Inf Inf
(5,5) (o,1,r) 2766 8747 | Inf 8852|2527 8895 || Inf 8782 | Inf 8863 | Inf 8912
5,5 (0,10,r) inf
(5,5) (0,100,r) inf

Table 16: Logistic regression, L-MS-BFGS. Number of iterations until
IVf(x)|l/IIVf(z0)]| < e = 10" inf = more than 10000 iterations. o = 10, m =
2000, n = 1000. For type, 1 = single-secant, v = vanilla, s = symmetric, o = ours. sc =
p-scaling, r = rejection.
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Low signal regime High signal regime

c=10 ¢=30 c=50 c=10 c= c=50

cu an | cu  an cu an cu an | cu an | cu  an
Newton’s IT IT IT 1T 1T 11 11 IT IT 1T 1T 1T
Grad Desc 2051 2051|2010 2010|2002 2002 || 2357 2357 | 2106 2106 | 2060 2060
(L.q) (type,y,®)
(10,1) (1,0.1) 8926 8926 | 8931 8931 | 8934 8934 || 8973 8973 | 8947 8947 | 8944 8944
(10,1) (1,1) 7875 7875|7917 7917 | 7944 7944 || 7934 7934 | 7961 7961 | 7947 7947
(10,1) (1,10) 5676 5676 | 5754 5754|5783 5783 || 5775 5775|5787 5787|5823 5823
(10,1) (1,100) 3067 3067 | 3461 3461 | 3418 3418|3162 3162|3387 3387|3466 3466
(10,5) (v,0.1) 9379 Inf | Inf Inf | Inf 9204 |/ 9730 Inf | Inf 9105|9911 9345
(10,5) (v,1) 9389 8894|9636 9031 9308 9413 || Inf 9060|9053 Inf |9558 9234
(10,5) (v,10) 7007 7135|7216 6999 | 7319 7941 || 7827 7042|7006 Inf |7142 7232
(10,5) (v,100) 4400 4392|5257 4597 | Inf 4904 || 4372 5307 | 4820 4873|9186 4972
(10,5) (v,0.L,r) 8943 8934 | Inf 8936|8947 8938 || Inf 8981|8952 8952|8946 8946
(10,5) (v,1,r) Inf 8810 | Inf 8897 | Inf 8926|| Inf 8838 | Inf 8901 | Inf 8940
(10,5) (v,10,r) Inf 6848 | Inf 7085|8572 7211|| Inf 7005 | Inf 7149 | Inf 7217
(10,5) (v,100,r) 6677 4001 | 8304 4611 | 6084 4839 || 8620 4366 | 6532 4726 | 6291 4778
(10,5) (s,0.1) Inf Inf | Inf Inf | Inf Inf 6 6 5 5 Inf  Inf
(10,5) (s,1) 2849 Inf | Inf Inf | Inf 2717|| Inf Inf |2782 Inf | Inf 2826
(10,5) (s,10) 3064 Inf | Inf Inf | Inf Inf || Inf 3032 | Inf Inf | Inf Inf
(10,5) (s,100) Inf 3047|3233 3014 | Inf Inf || 3068 3041 | Inf 3073|2795 3271
(10,5) (s,0.1,r) Inf 8933 | Inf 7390| Inf 8919|| 6 4138|8952 8952|8946 8946
(10,5) (s,L,r) 2466 8787 | Inf 8882 | Inf 8922|| Inf 8818 | Inf 8895| Inf 8936
(10,5) (s,10,r) Inf 6840 | Inf 7092 | Inf 7159|| Inf 6948 | Inf 7163|2974 7158
(10,5) (s,100,r) Inf 4071|2930 4750 | Inf 4806 || 2941 4456 | Inf 4665|3130 4768
(10,5) (0,0.1,sc) inf
(10,5) (o,1,s¢) 2705 1Inf | Inf Inf | Inf Inf || Inf 1Inf |3008 Inf | Inf 2749
(10,5) (0,10,s¢) Inf 39 Inf Inf ‘ Inf Inf ‘ Inf Inf | Inf Inf ‘ 39 Inf ‘
(10,5) (0,100,sc) inf
(10,5) (0,0.1,r,s¢) Inf 8456 | Inf Inf | Inf Inf Inf 8786 205 Inf | 203 Inf
(10,5) (o,1,1,8¢) Inf 8775| Inf 8886|2747 8930|2542 8852 | Inf 8919 | Inf 8944
(10,5) (0,10,r,s¢) Inf Inf | Inf Inf | Inf Inf Inf Inf | Inf Inf 39 7278
(10,5) (0,100,r,sc) || Inf 3876 | Inf Inf | Inf Inf Inf Inf | Inf Inf | Inf Inf
(10,5) (0,0.1) inf
(10,5) (o,1) 2705 1Inf | Inf Inf | Inf Inf || Inf Inf |3008 Inf | Inf 2749
(10,5) (0,10) Inf Inf | Inf Inf | Inf Inf || Inf Inf | 28 Inf | Inf Inf
(10,5) (0,100) inf
(10,5) (0,0.1,r) Inf 8456| Inf Inf | Inf Inf || Inf 8786| 205 Inf | 203 Inf
(10,5) (o,1,r) Inf 8775| Inf 8886|2747 8930|2542 8852 | Inf 8919 | Inf 8944
(10,5) (0,10,r) Inf Inf | Inf Inf | Inf Inf Inf  Inf 28 5349 | Inf Inf
(10,5) (0,100,r) inf
Table 17: Logistic regression, L-MS-BFGS. Number of iterations until

IVf(x)l/IIVf(z0)] < € = 1074 ¢ = 5. inf = more than 10000 iterations.
o = 10,m = 2000,n = 1000. For type, 1 = single-secant, v = vanilla, s = sym-

metric, 0 = ours. sc = p-scaling, r = rejection.
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