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Abstract Classic Multi-secant Quasi-Newton methods Schur Complement - Symmetric positive semidefinite MS-BFGS
When dealing with a large-scale optimization problem, classical second-order methods, such as Newton'’s For symmetric (PSD) hessian estimate update, A is PSD if and only if H2 is PSD
method, are no longer practical because it requires iteratively solving a large-scale linear system of order n. - __ . - | |
For this reason, Quasi-Newton(QN) methods, like BFGS or Broyden's method, are introduced because they B =B" (and Bz 0) st BS=Y <= Y 5 issymmetric(and PSD) Summary 0 N
are more efﬁuent th?” Nevvt.on’s methgd. Th|s project focuses on mulh—seca.nt extensions of the BFG.S However, when f(xz) is not quadratic (or PSD), YT S is not symmetric (or PSD) in general. = Getting the smallest eigenvalue of By is .
method, to improve its Hessian approximation properties. Unfortunately, doing so sacrifices the matrix expensive. =
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estimate’s positive semi definiteness, and steps are no longer assure.d. to be de.scent d|{'echon.s. Thereforje, Method Optimization Problem Approximate Hessian matrix update | | | g n +
we apply a perturbation strategy to construct an almost-secant positive-definite Hessian estimate matrix. . i = We approximate via smallest eigenvalue of £
This strategy has a low computational cost, involving only low-rank updates with variable and gradient suc- Broyden |ming |[H — B|r st BS=Y B=H+(Y - HS)(55)"5 low-rank A where B, = By + A. = ol
cessive differences. We also explore several ways of improving this method, accepting and rejecting older PSB B=H+ (Y - HS)(StS)"1st . . 8 °l
updates according to several non-degeneracy metrics. Future goals include extending these techniques to ming |H — Bllp st BS=Y, B=DBT +ST(STS)" Y — HS)T - T.h'S can be done by compghng the smallest a —A - eigen-value of a large matrix
imited memory versions. ~S(STS)y LY — HS)!S(S18)~1st eigenvalue of 2p x 2p matrix H; where p < n. 7l —H?2 : eigen-value of a small matrix|
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iteration MS condition satisfied X X X X v ~ Scheme : pick smallest u which satisfies the ‘tiny problem’ for positive-definite hessian estimate update.
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e Main Problem : min f(x) where f is continuous and differentiable , .
Viethod c d."”'ER"D N A — B~V f(z) is a guaranteed descent direction only if B is symmetric positive definite (B = 0). " Almost secant multisecant BFGS method to get s
etho radient Descent evvtc;n Quasi- fgﬁtm we want to guarantee the descent direction(positive-definite) by adding smallest u
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" Hessian Approximation : _GQ—J. 8 We symmetrize the update term in Bj_; and want it to be positive definite as below
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Tri1 = 1p — aB 'V f(xy) | x2—x1 Logistic Regression Problem (log-log pl:?t] _Secant condition residual (semilog-y plot) Consider W a non-symmetric matrix. For any ¢ € R*, define
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To guarantee descent direction, we need Vi B, Vi <0 Llél L] Pick F = ¢sUSVT where WL = UV is the full SVD of W', and ¢; = c+||CI(/€V||2 .
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o - r ;ﬂa e [D D ] P —(I - F'P)y~'Ft —w=t| | Df
Brpsi=y; for i=k—p,....k lteration lteration F | -F(E - FTR) T W T Q Dyl
or equivalently,
—BFGS
Bi 1S =Y, - , = Reference
. - . - mg gigg -No syrrlrpetncdu;:date (1) Schnabel, Robert B. "Quasi-Newton methods using multiple secant equations.” Computer Science
o gy __MS BEGS ) Sir;meer;iﬁsiteaﬁ date Technical Reports 244.41 (1983): 06.
= | Fhep Sheptl e Sk an I R A L G L ~MS BEGS - I(j)urs P (2) Gay, David et al. "Solving systems of nonlinear equations by Broyden’s method with projected
) ) ) ) ——Gradient Descent method(base line) updates(1978)"

(3) Jorge Nocedal et al. "On the limited memory BFGS method for large scale optimization (1989).

(4) Byrd, Richard H., Jorge Nocedal, and Robert B. Schnabel. "Representations of quasi-Newton matrices
Given the matrices S and Y, finding a n x n symmetric hessian matrix approximation By, which satisfies o . . . - N | and their use in limited memory methods.” Mathematical Programming 63.1-3 (1994): 129-156.
above single/multi-secant conditions, may have multiple free variables. This explains why there are many " Logistic regression problem (not quadratic) monotonically decrease only if B is positive definite. (5) Hassan, Basim A., and Issam AR Moghrabi. "A modified secant equation quasi-Newton method for

variations of QN methods. unconstrained optimization.” Journal of Applied Mathematics and Computing 69.1 (2023): 451-464.

Symmetric matrix B;. has "("T“) degrees of freedom for the single-secant case:
= Quadratic problem loss value monotonically decreasing because B = 0
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