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ABSTRACT

Finding the unconstrained global minimum of given quadratically constrained
quadratic programs (QCQPs) is a crucial issue in many class of applications such
as binary quadratic optimization problem, the max-cut problems and network prob-
lems. There have been a variety of tools and structures to find an optimal solution
from various angles. Nevertheless, no one has presented general algorithms to solve
the NP-hard problem in polynomial time because of its complexity. Accordingly,
rather than finding the exact optimal values, general relaxation approaches have
been proposed and their computational and theoretical effectiveness was demon-
strated with numerical results by many researchers. Most notable relaxation meth-
ods are semi-definite programming (SDP), second order cone programming (SOCP),
and linear programming (LP) relaxations. We propose a computational method to
solve QCQPs for improved computational efficiency using matrix sparsity. In partic-
ular, we employ the particular relationship between SDP, SOCP and LP relaxations
to apply the equivalence of the optimal values under a certain assumption used in

solving the pooling problem by Kimizuka, Kim and Yamashita, 2018.
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1 Introduction

We consider quadratically constrained quadratic Programs (QCQPs) in the form of

(QCQP) min 2" Qux + x"qy + 1o
x
subject to ' Qx +xTq, +r; <0 (i=1,..,k), (1)
Ax < b,

where T denotes the vector transpose of «, Q and Qs are symmetric matrices in

R™ " . g, and g}s are vectors in R", b is a vector in R,

R™™" A is a matrix in
r and 7}s are scalars in R, and k is a natural number.

It is known that if all Q; (i = 0,. .., k) are positive semidefinite, then the problem
is a convex problem. Convex problems can be solved exactly with many existing
software packages, for instance, SeDuMi, SDPT3, MOSEK [9, 10, [3]. On the other
hand, if any of Q; (i =0, ..., k) are negative semidefinite, then the problem becomes
nonconvex QCQP. Nonconvex QCQPs are known to be NP-hard. Thus, providing
an accurate approximate solution to nonconvex QCQPs is a very important issue in
the field optimization.

Nonconvex QCQPs appear widely in the fields such as graph theory, control the-
ory, robotics, and network problems. More specifically, well-known Max-cut problems
can be cast in the form of QCQP (). Maximum stable set problems [20], maximum-
clique problems [7] are also much studied QCQP problems. In addition, quadratic
assignment problems are known to be one of the most difficult problems and a great
deal of research have conducted to address the computational issues of the problem
[5].

One of the fundamental approaches to solve the problems mentioned above is
convex relaxation method. Popular convex relaxation methods include semidefinite

programming (SDP), second order cone programming (SOCP), and linear program-



ming (LP). These methods can be used to solve QCQP (|1)) by utilizing mathematical
packages such as SeDuMi [9].

SDP relaxations are very accurate in that they provide tighter bounds for the
optimal value. Goemans and Williamson [13] showed that using SDP relaxations
can yield an approximated result of the Max-cut problem, and Lasserre [8] proposed
a hierarchy of semidefinite programming relaxations. In 2012, Kim and Kojima ex-
ploited the sparsity of polynomial optimization problems by SDP relaxation [16].
Although the primal-dual interior-point method in SDP relaxation [I4] is powerful
for searching global solution, it is computationally more expensive as the problem
size is getting larger.

Therefore, lift-and-project based SOCP and LP relaxations could be better ways
to overcome disadvantages in solving large-sized SDPs. In [I7], Kim and Kojima
proved that SOCP relaxation is an efficient method for finding good optimal values
of QOPs within a reasonable amount of computational time. Muramatsu [12] also
proposed that the Max-cut problems can be solved effectively by SOCP relaxation,
and Zhang [18] provided the extension of a specific subclass of QOPs and generalized
earlier results for finding optimal values. Unlike SOCP relaxation, LP relaxation
is the most well-known for the fastest computing speed but has its weakness in
obtaining tight bounds for an optimal value of the original QCQP.

The main purpose of this thesis is to solve nonconvex QCQPs where Q’s are not
positive semidefinite in which is a NP-hard problem. We use the Assumption
4.1 in [I1] where constraint matrices Q}s are hollow matrices. A hollow matrix is a
square matrix whose diagonal elements are all equal to zero. From this feature, we
can yield a powerful conclusion in QCQP relaxations: (7 p = (5oop = Cipp < (5
where (* is the optimal value of a QCQP that minimizes the objective function. The

above equivalence means that the optimal values of SDP, SOCP, and LP are equiv-



alent in nonconvex problems. Secondly, to solve problems which do not satisfy the
Assumption 4.1, we change nonzero diagonal elements to off-diagonal to rearrange
them as zeros to apply the above equivalence. From this approach, we can expect
computational efficiency by creating a sparse matrix and can get reasonable approx-
imated optimal solution similar to the original problem. In other words, with much
less computational effort, the LP relaxation can be used to get the same quality of
the optimal value instead of SDP relaxation.

This thesis is organized as follows: In Section 2, we introduce notation, and illus-
trate SDP, SOCP, and LP relaxations of QCQPs. In Section 3, we describe a specific
example of QCQP, the pooling problem, and review the equivalent optimal values of
the three relaxations based on [I]. In Section 4, we propose a rearranging method
to deal with nonzero diagonal elements in detail. Section 5 presents numerical results

on various problems. In Section 6, we present our conclusions.



2 Preliminaries

2.1 Notation and general QCQP

We denote the following notation throughout this thesis.

R™ : The set of n-dimensional column vectors with real values
RY : The nonnegative orthant of R"
R™*™ The set of m x n matrices with real values
S : The set of real symmetric n X n matrices
i : The set of n X n positive semidefinite matrices
X>=0 X is a positive semidefinite matrix

& X € 8% for n x n symmetric matrix X
& forvr e R", 2’ Xz >0
XeY The product of two equivalent dimensional matrices X and Y’
& D 2 XY
&S < XY >

We briefly discuss the structure of QCQP described in Section 1.
Let & € R™. The original form of QCQP is as follows:
min ' Qyz + xTqy + o
x

(2)

subject to T Qx +xTq;+m; <0 (i=1,...,m),

where Q; € S", q, € R" (i =0,...,m) and r; € R (i =0,...,m). Comparing
to the equation , we can consider the linear constraint Ax < b as a part of the
equation (2) when the @; is the zero matrix (i.e. every element in Q; is zero).

We note that since Q; € S" (i = 0,...,m) is not necessarily positive semidefinite,

is a nonconvex problem.



2.2 SDP relaxation

From the general QCQP , we introduce a new variable matrix X € S™ as follows.

Let

o r;  ql/2 % zoo x! 1 of

q;/2 Q, ‘ z X 0 O

Then, the equation can be written as

) ro  qt/2 oo x’
min .
; q0/2 Qq x  zx’
T T
r, q;/2 Tog X
subject to ’ o . <0 (i=1,...,m),
a;/2  Q; z xx’
1 OT ) :IZT
° =1.
0 O x xx’
i.e.
min Qe X
X

subject to Q; ¢ X <0 (i=1,....,m),
I_{()OX =1.

Proposition 1. (the Schur Complement)

Given x € R" and a matrizr X € R™",

1
X —xzx’ =0 if and only if =0.



By using the Schur Complement, the general form of QCQP is transformed

to SDP relaxation as follows:

Cspp := min Qye X
subject to Qe X <0 (i=1,...,m),
EOOX == 1,

X e syt
2.3 SOCP relaxation

The SOCP relaxation is described as follows:

min Qe X
subject to Q,e X <0 (1<i<m), HyeX =1, @
Xj;=0(1<j<n+1),
(XU)Z < X”‘X]’j (1 <73 <j <n-+ 1) .
Definition 1. (Second Order Cone)
A Second Order Cone (SOC) is by definition a cone of the form
SOC = {(z1,72) € R x RV7 | 2y > ||z2]|},
where || « || denotes the Euclidean norm. The SOC is also known as the quadratic

cone or Lorentz cone.

Definition 2. (Second Order Cones) We know
2 . . §—n
w* <&n, £>0 andn >0 if and only if <&+,
2w

£+
Then, we see that ¢—n | € Second Order Cone (SOC).

2w



Kim and Kojima [I5] used the characteristic of X € S in the equation
to derive second order cone (SOC) constraints. Since “every 2 by 2 submatrices in
X is positive semidefinite” is equivalent to X; X §i— )_(Z-j)_( ji >0 for Vi and Vj, we
can rewrite this relation as (Xij)z < Xiinj (1<i<j<mn+1) where Xij = Xﬂ
because the matrix X is symmetric. Therefore, by the definition (2)), we can convert

to the following equivalent problem:

Csoop =min  Qpe X

subject to Q,eX<0(1<i<m), HyeX =1,
Xii— X _ _
0 i Y SX“—FX]], (5)
2X¢j
(I1<i<j<n+1),

where Xij = in for Vi and Vj.

The SOCP relaxation has been studied in many applications due to its com-
putational efficiency in solving QCQPs. More recently, it has been employed to solve
polynomial optimization problems. In particular, appeared in the hierarchy of

the scaled diagonally dominant sum-of-squares (SDSOS) relaxations proposed in [1]:
DSOS C SDSOS C SOS C PSD,

where SOS is a cone of sum-of-squares and DSOS is a cone of diagonally dominant
sum-of-squares. The paper [I] also proposed DSOS and SDSOS can be done with
Linear Programming and Second Order Cone Programming respectively. Although
DSOS and SDSOS relaxations are not as precise as SOS, they can be alternatives

to SOS optimization because of the computational advantages.



2.4 LP relaxation
The LP relaxation can be represented as follows:

(Gp:=min QpeX
subject to  Q; ¢ X <0 (1<i<m), Hye X =1,

(1<i<j<n+1),

where Xij = in for Vi and Vj .
The problem @ is derived from the diagonally dominant sum-of-squares relax-

ation (DSOS) in [I]. Consider the set of diagonally dominant matrices of dimension

n+ 1:
D"l .= XESn—HX“zZp(U‘ (1§7J§n+1)
J#i
In [6], the dual of D™ is given by
(D" = {X e St 2T Xa > 0 for Va with at most 2 elements =+ 1}

= {XeS":X; >0, Xu+X;;—2[X| >0 (1<i<j<n+1)}.

Let X be a feasible solution of the SOCP relaxation . Then,

1Xijl </ XuX;; (1<i<j<n+1).

Since /X Xj; < (Xi; + X,;)/2 always holds for all nonnegative X;; and X;;, X is
a feasible solution of @ Thus, the LP relaxation @ is an weaker relaxation than
the SOCP relaxation . In conclusion, we can derive the relationship among the

optimal values of the three relaxations:

CLp < Csocp < Cspp < ¢ (7)



3 The equivalence among the SDP, SOCP, and LP re-

laxations

In Section 3.1, we describe the pooling problem, and the equivalence of the three

relaxations under the assumption 4.1 [I1] in Section 3.2 .

3.1 The pooling problem

In petroleum refinery industry, the pooling problem is used for measuring the mini-
mum cost of gas flow. This problem is a nonlinear and nonconvex problem. Nishi [19]
applied the SDP relaxation to the pooling problem, and Kimizuka et al. [11] showed
the equivalence of the three relaxations and proposed the rescheduling method.

The pooling problem [4] deals with material blending by mixing crude or refined
oil. In a storage tank, pooling occurs when streams are mixing together. There exist
many routes from a tank to another tank, and the final storage tank dispatches the
resulting mixture to several locations. Since the total cost depends on which route
will be used, deriving the optimal route with maximum efficiency is the issue for
companies. Blending various kinds of petroleum is therefore an important process
to obtain end-products with quality specifications.

We can formulate this industry problem with several parameters, variables, and
constants. The principal parameters are the number of sources, mixers, plants, and
in-out nodes. The main variables are the flow of pipelines, amount and quality of
materials, and compensation cost. The core constants are amount of raw materials,
transportation costs, and min-max volume of mixers.

The formulation of the pooling problem proposed in [I1] added a penalty term

using ¢ in the objective function to have an interior point and to avoid numerical



difficulties. The reformulated pooling problem is as follows:

m+d
min qQdx+o g i
weRn7 AeRrrH»d im1

subject to ' Qx +qlx — A\ +v, <0,
—2TQx—qle -\ -7 <0(G=1,...,m),
A+ — Ans1)i — (bmy1); <0,
Q4T — Noi1)j + (bms1); <0 (j=1,...,d),
At j+kT — (bt2)k <0 (k=1,...,e),

A>0,1<z<u, (8)

where m, d, and e are the numbers of each inequality constraints, [ and u are the
lower and upper bound for  and A respectively, b and =~ are constraints. Notice
that the diagonal of the coefficient matrices of , i.e. the diagonal of Q,,...,Q,,
in the quadratic constraints, are zeros. As mentioned previously, these matrices are
hollow matrices. This property is used in Section 3.2 to prove the equivalence of the

optimal values of the three relaxation methods.

3.2 The equivalence of the optimal values of the three relaxations

The equivalence of the optimal values of the SDP, SOCP and LP relaxations is
derived for QCQPs where the diagonal elements of the coefficient matrices in
are all zeros. To introduce this property, the relationship between primal and dual
approaches [14] is used. Moreover, the results from the diagonally dominant sums of
squares relaxations (DSOS) and scaled diagonally dominant sums of squares (SD-
SOS) for the hierarchies among the SDP, SOCP, and LP relaxations [I] were ex-

ploited in [11].

10



Theorem 1. (Weak Duality, [14]) Let * and u* be optimal values of primal and

dual problems respectively. Then u* < (* .

The weak duality can be derived from the Lagrangian function, which yields weak
duality of the optimal values in primal and dual problem. Even when the original
problem is not convex, this inequality always holds. For more information, we refer

to [14].

Theorem 2. [2] If (¢pp, Céocps and (G p are the optimal values of the SDP,

SOCP, and LP relazations respectively, then (ip < Csocp < Cipp -

From Theorem 2, we can easily derive the relationship among the dual optimal
values, uipp < péoop < iy p- In [11], they used Theorem 2 along with the Schur
Complement and eigenvalue properties to lead ($pp < (jp under certain assump-
tion: all the diagonal elements in Qg,Qq,...,Q,, of are zeros. The following
theorem is an intermediate conclusion of their work [I1]. We include their results in

the following for completeness.

Theorem 3. [11] If all the diagonal elements in Qy, Q1,...,Q,, of are zeros,
then Cspp = Csocp = Cip -

T
_ oo I
Proof. We will prove (ipp < (7p- Let X = be a feasible solution
x X
of @ From the constraint Hy e W = 1, we can say zog = 1. Therefore, X =
T

1 =
. Now let a be a constant which is greater than or equal to the maximum

r X
eigenvalue of the matrix xzx? — X. In other words, & > Amax (acasT — X). If we add
a to the diagonal of X except the first diagonal element zgy of X, the resulting
1 x’

matrix becomes positive semidefinite by the Schur complement,
xr X +aol

11



from
X+al —zxl = (X —zx") +al = NI +aol =\ +a)l,

where \* < asince « is greater than or equal to the maximum eigenvalue of X —xx?!.

From the above eigenvalue inequality, A* + a > 0 always holds, and we can say that

X + oI — xx” > 0. Therefore, by the Schur Complement, the resulting matrix

1 x’
is positive semidefinite.
x X +al
Note that the inequality constraints still hold and the objective value remains
same since the diagonal elements in Q,, ..., Q,, are zeros by the assumption. Thus,
) :I)T

is a feasible solution of the SDP relaxation . Thus, we can
r X+al

construct a feasible solution in the SDP relaxation whose objective value is same as

X. This fact leads to Cspp < (i ps and therefore (5pp = C5ocp = (1 p follows. [J

Theorem 3 indicates that the primal optimal values of the SOCP, LP, and SDP
relaxations are computationally the same if all the diagonal elements of coefficient
matrices are zeros. Now, we need to prove the equivalence between primal and dual
values among the three relaxations using the SOS hierarchy [I] to obtain (%pp =
Csocp = CLp = PLp = Hsocr = Hspp-

First, the dual of SDP , SOCP , and LP @ relaxations can be written as
follows, respectively by the Lagrangian duality theorem [14]:

flgpp = max  pu
subject to Qo+ i, mQy, — pHo—Y = O,
NyeeosMm >0, p €R,

\/ 1
Y e ST,

12



Hsocp = max I
subject to Qo+ > je MmQr — pHo—Y = O,
My--ym =0, p€R,
Y € SD™,

[y p 1= max 7

subject to Qo+ Y pey mQr — pHo —Y = O, 1)
Ny-eosm =0, u€R,
Y € D",
where SD" and D"! denote a cone of scaled diagonally dominant matrices
(SDD) and a cone of diagonally dominant matrices (DD) respectively. We note that
n; (i =0,1,...,m) is the Lagrangian constraint to derive dual functions.

These dual problems are closely related to SDSOS and DSOS [I]. Particularly,
in [2], SDSOS relaxations were proposed using SDD matrices, and showed that
D"l c SD™ ¢ S:lfl holds. From the relations on D™ and SD"*!, we see that
Lspp = Hsoop = M p is obtained. Also, since puipp < psoop < iy p always holds
by the Lagrangian duality theorem [14], uipp = péoop = iy p holds by Theorem
3.

Corollary 3.1. [11] If all the diagonal elements in Qy, Q1, - .., Q,, of are zeros,
it holds that (spp = CSocp = CLp = HLp = Hsocp = HspPp-

Yoo yT

y Y
the diagonal elements in Q; and H; (i = 1, ..., m) are all zeros except (1,1) in (9)

Proof. We will prove (7 p = ujp. Let Y = be a value in @ Since

by the assumption, and by the Lagrangian duality theorem [I4], the diagonal of Y
should be zero. Since Y € S}, we have Y = O, thus, Y € STFI leads to y = 0.

This is because the determinant of 2x2 submatrix of semidefinite matrix Y should

13



be greater than or equal to zero. Hence, @D is equivalent to the following problem:

max  p
subject to Y0+ D pey MYk — 14— Yoo > 0,
Qo+ >h=1 Mk = 0, (12)
Qo+ mQy, = O,

171,...,77m20, MER, Yoo = 0.

Likewise, for , we can show that Y = O and y = 0 using the zero diagonal of
Y. As a result, is equivalent to , and the optimal values of @ and
coincide, i.e., ugpp = pip. Since the duality theorem holds on the LP relaxation
regardless of the existence of interior points, the optimal values of @ and are
equivalent, i.e., (fp =iy p- BY wipp=1ip=Cips Wopp = Msocp = Hips (1)

and Theorem 3, the desired result follows. ]

Finally, it was shown in [I1] that (j , = p} p to satisfy Corollary 3 using the ex-
istence of interior point in the primal and dual LP problems. Since u} p = pgoop =
tspp and (ipp = Csoop = Cip hold, we conclude that the primal and dual

optimal values of the SDP, SOCP, and LP relaxations are equivalent by Theorem 3.

14



4 Proposed method

We propose our method to solve QCQP whose coefficient matrices have nonzero
diagonal elements. Our proposed method is based on the theoretical properties of
QCQP with the hollow coefficient matrices. More precisely, we convert QCQPs with
nonzero diagonal coefficient matrices to QCQPs with the hollow coefficient matrices
by introducing new variables. Then, we apply the results described in Section 3 to
solve the transformed QCQP with numerically efficient SOCP and LP relaxations,

instead of SDP relaxation.

4.1 Rearrangement of diagonal elements

Assume that there exists at least one nonzero diagonal element in Q, for some ¢ of
the general QCQP . To use theorem 3, we remove diagonal elements in @, and
introduce an off-diagonal and a new equality constraint to make the diagonal zero.

First, let us focus on the original matrix of xz”:

T T

zx! = [x1,@2,...,%p]" X [X1,T2,..., %))
= X
Then X can be written as follows:
oo L1 1 ) e Ln
2
L1 Ty L1y ... T1Tp
T
_ Too T
X = To Tl m% ce. Ty = )
r X
2
T, TRl TpT2 ... T

where xgp = 1 .

Then, Q; ® X in the nonconvex QCQP can be written as:

15



ri  dqj 92 -+ Qi Top I T2 ... Ty
2
qil Qill Qilz cte Qiln ml :Bl mle st mlmn
2
Qo Qi Qi - Qi i T2 X2x1 T ... T2Tp |
2
9, Q,, Q., --- Q; . Ty TpTi T2 ... T

where Qijj is not zero for some j. We relax X using the Schur Complement so that
the elements in a new matrix X become linear variables in the relaxed problems.

More precisely,

00 1 2 Ly X1A’1 XLQ X173 Xl,n+1
2 _ _ _ _
1 Ty L1I2 P A K 27) X2’1 X272 X273 X2’n+1
9 _ _ _ _
o o1 s ce. X2Tp = X371 X372 X373 X3’n+1
9 _ _ _ _
Ln Lndq Lnd2 e T, Xn+1,1 Xn+1,2 Xn+1,3 N Xn+1,n+1

From this SDP relaxation, we regard X; ; as a new variable in the relaxation problem
of the original QCQP.

Second, for simplicity, we assume Qijj is the only one nonzero diagonal element
of Q, in QCQP. To apply Theorem 3 and Corollary 3.1 , all the diagonal elements
in Qy,Qq,...,Q,, should be zeros. Thus, we rearrange Qijj which is the coefficient
element for :13]2 by adding a new variable. Let x; be a new variable to satisfy :13]2 =
xjr; = x;x; where x; = x;. Then we can move Qijj located in (7, 7) of matrix Q,

to (j+1,(14n)+1) and ((14n)+1,j + 1)th positions by making new matrix Q;".

More precisely, we replace Q.. b Stlnd2 4 T2+ gy the symmetric matrix
p Y 1Y ij; DY 2 2 Y
—~
Q. to make @Q, . as zero. In other words

KA ij )

Q; Q;
2 141,42 In42,j+1
QZ-J_J_ X xj = — X x;z + — 5 X XX ;.

16



. Nk
As a result, we can write Q, as follows:

i 4an Q2 - Qi - Qip 0
g 0 Q) ... Q ... Qy, 0
q’i2 Qi21 0 ce Qin oo Qi2n 0
. 0
Q, = Q |
a; Q, Q, - 0 .. Q "
0
qin Qinl Q’L'nQ e e e 0 0
Q

O 0 0 0 % 0 0 0
where [ = n+1 and 0 is a zero element.

Now, we rewrite X and H{ to be consistent with the size of Q," by adding a

new variable @, 1:

Tt = [1,m1,m2,...wn,mn+1]

. 5
X" = [L,x,x0,...%n, Tpi1]? X [1, @1, 20,...Tpn, Tpi1] € Siﬁ
H} = The zero matrix except the first element which is 1 € S"2.

The sizes of X™ and Q," have become (n + 2) x (n + 2), but the diagonal elements
in QZ* are all zeros except 7;. Thus, we can apply Corollary 3.1, and can expect
the same optimal values by solving the modified SDP, SOCP, and LP relaxations of
the transformed QCQP. We should mention that Q," is a sparse matrix because the

(n+2)th column and the row are all zeros except two elements in (j+1,(1+mn)+1)

'jj

and ((1+n)+ 1,5+ 1) with the value —;

17



For k =n + 1, a new SDP relaxation is as follows:

¢spp,., ‘= min Qpe X*

subject to Q

Hjye X =1,
\ ok Y V¥ Y X
Xiti = Xjinsar X = Xago s
v ¥
X" estt?,
where X;+1,j+1’ X;+1,n+27 and X:z+2,j+1 are relaxed elements of ac]z, Tjxpq1, and

Tn 1T, Tespectively.

Third, if the number of nonzero elements are more than one, the number of the
nonzero diagonal elements can be at most n when the size of Q}s in the original
QCQP is n. Thus, the size of a new matrix Q; can increase up to 1 4 2n. Let C
denote the vector which contains the location of nonzero diagonal elements in every
Qs of general QCQP . Then the length of C can be from 1 to 2n if there exists at
least one nonzero element in the diagonal. For instance, if (2, 2) is not zero in @, and
(1,1),(2,2),(3,3) and (5, 5) are not zeros in @5, C can be written as [1, 2, 3, 5. In this
case, four nonzero diagonal elements yield four new variables, @, 1, n12, Tnts and
Tptq. Thus, We can rewrite the SDP problem in a new general form if the number

of nonzero diagonal elements is k(=length(C)):

Cipp,.. :=min Qe X"

subject to Qe X" <0 (i=1,...,m),

Hye X" =1,
_ _ (13)
X101 = X541, 14ntp

p:17"'7k7 ]:C(p)v

X" e shfntk,

where Q; € SR and Hy € SR,

18



: : VK _ * 3
Note that we have added linear constraints X7 ., ;.1 = X7y 14,4, in (13)
without other constraints such as X’;‘:jﬂ = XZ 1ntp Vi s X]’f‘_ﬂv ;= Xf+n+p,i Vi and

ok Vv 2 L 2 _ .2
741, j+1 = Xifntp, 14n+p because & = x;x; connotes x; = x; and x; = = where

. . . . v ¥ .
x; is nonnegative by the assumption. Moreover, since X~ is symmetric, we do not

Yk I e ok _ Y :
need X7y ;11 = X{, 1) jy1- Asaresult, X7, o = X7, 1, contains all of the
above additional linear constraints, and so we can expect the same computational
result from the new SDP relaxation.

We present a description of general matrix form of Q; if there exist n number

of nonzero diagonal elements:

T q9;1 Q2 - Gy - Gy 0 0 0 0 0 0
Q,
% 0 Q, ... Q, .. Q, =%+ 0 0 0 0 0
Q.
4G Qn, 0 ... Q, ... Q, 0 2 0 0 0 0
0 0 o 0 0
Qijf

0 0o 0 0 0

Q’inn

din Qi Qi 0 0 o 0 0 0 g
0 QT o 0 0 0 0 0 o 0 0 0 0
0 0 Q;Lzz o 0 0 0 0 o 0 0 0 0
0 0 0 0o 0 0 0 o 0 0 0 0
0 0 0 0 % 0 0 0 o 0 0 0 0
0 0 0 0 0 0

Q.

We consider the following simple example:

min 31‘% + 21:?1 — 41:% + x1x3 + 221 — 624 + 10
xT
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Representing with matrices, the above problem can be written as

10 1 0 0 -3 0 1 T To T3 Ty Ts5
1 0O 0 05 O 0 T x% T1Xy T1x3 T1T4 T1Ts
) 0 0 3 0 0 0 To Tolq :17% ToX3 Xoly Tols
min °
v 0 05 0 O 0 0 T3 X3T1 T3T2 :E§ T3T4 T3Ts
-3 0 0 O 2 0 Ty T4T1 T4To T4T3 xi T4
0 0O 0 O 0o —4 Ts I5T1 XLy TsL3 Ts5T4 :cg

<= min QOOX.
T

The coefficient matrix @, has the nonzero diagonal elements in (3, 3), (5,5), and
(6,6). To apply Theorem 3, we rearrange the diagonal values 3, 2, and -4 as off-

diagonal elements with the values of 1.5, 2, and -2, respectively as follows:

0 1 0 0 -3 0 0 0 0
1 0 0 05 0 0 0 0 0
O 0 0 0 0 0 150 0
0 05 0 0 0 0 0 0 0
Q = -3 0 0 0 o 0 0 1 0 |, X'e¥¢
o 0 0 0 0 0 0 0 -2
0O 0 15 0 0 0 0 0 0
o 0 0 0 1 0 0 0 0
O 0 0 0 0 -2 0 0 0

Note that if there exist k(< n) number of nonzero diagonal elements, then each

rearranged element in the off-diagonal does not have to be in line.

The new form of the simple example can be relaxed with the several linear
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constraints as follows:

min
X

subject to

Qe X"
X =0,

Vk . Yk Vk o Yk Yk Yk
X3,3_X3,77 X5,5_X5,87 X6,6_X6,9'

Lastly, we propose new SOCP and new LP relaxations.

CEOCP,W =

subject to

* —— M
CLPMU, ;= min

subject to

min  Qpe X"

Qe X" <0(1<i<m), HyeX =1,

< Xj+ X35,
2X7,

(1<i<j<l+n+k),
Xiv1je1 = X1, 14ntp
p::l""’k7 j:C(p)’

where X'Z-*j = X'J’»ki for ¥i and Vj .

Qpe X"

Q;eX <0(1<i<m), HyeX =
X:>0(1<i<l+n+k),
X;Jr)’(;j—zy)’(;j\ >0

(1<i<j<l+n+k),

X*

*
J+1,+1 — X

j+1, 14+n+p
p=1,...,k j=C(p),

where Xi*j =

)_(;- for Yi and Vj .

(14)

(15)

The formulations , , and satisfy the DSOS, SDSOS, SDP hierarchies

[1] and the assumption of Theorem 3 proposed in Section 3.2. Since nonzero diagonal
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elements are relocated by the proposed method and the zero diagonal is obtained,
Theorem 3 and Corollary 3.1 can be applied to the new SDP, new SOCP and new
LP relaxations. Moreover, Definition 2 (SOC) in Section 2.2 can be used to handle
second order cone constraints in .

From the perspective of the number of constraints, the new SOCP form yields
w and the new LP relaxation yields (n+ 1+ k)2 number of constraints by
replacing X" > 0 into SOC and linear inequality constraints, respectively. Although
the number of constraints in the original problem is smaller, exploiting matrix spar-
sity can improve the efficiency of the relaxations. But, we note that this approach
may be weaker in getting a tight bound, especially for large-size problems. For
small-size problems, we expect the difference in the bound quality is not large. We
experiment on the proposed method by computing the optimal values in the three

relaxations in Section 5, and formulate the three relaxations as the dual problems

for Sedumi [9].
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4.2 Analysis of the proposed method

In this section, we prove the equivalence of the optimal values between the SDP ((3))
and the new SDP relaxations obtained by the proposed method. In addition,
based on this result, we further extend our result to the new SOCP and the

new LP relaxations ({15 under certain assumptions.

Theorem 4.1. Assume that there exist at least one nonzero element in diagonal of
Qs . Let (5pp and (pp, - be the optimal values of SDP and new SDP

(13) relazations, respectively. Then, C5pp = CSpp,.., -

Proof. First, we show that (5pp < (5pp - Let X" be a feasible solution of the new
SDP relaxation (L3)). The constraint X;+1,j+1 = _;+17 ltntp D indicates that
the objective and constraint functions of the new SDP can be written in a smaller
form with less variables, which is the same number as in the original SDP. This
follows from that the variables X 741, 14n+p and Xiin +p, j+1 can be replaced with

X}'k+1,j+1' Moreover, the coefficient of X;+1,j+1 in is changed from zero to two
times the coefficient elements of X;JFL 1-4+n-tp SINCE Q;f_ﬂﬂ 14ntp and Q’{+n+p, j+1 are
the same from the symmetry of Q;’s. The converted problem in this way satisfies
constraints in the original SDP relaxation . The objective function can be con-
verted, similarly. Thus, we see that the optimal values of the new SDP and the
original SDP relaxations are identical.

Next, we have to check whether the positive semidefiniteness of the vairable
matrix still holds. We know that the coefficient matrix Q; (i = 1,...,m) has no
off-diagonal nonzero elements if the indexes of rows and columns exceed n + 1.
Therefore, only X;Jrl,jﬂ (j =C(p), p =1, ..., length(C)) can remain since they

have nonzero coefficients by the substitution. From the positive semidefiniteness

of X", a submatrix of X~ is also positive semidefinite. Therefore, the new square
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matrix X whose size is smaller than (n+1,n+1) of X~ is also positive semidefinite.
Therefore, we have found a feasible solution X of the original SDP . Since X
does not change the value of the objective and the constraint functions, the set of
optimal values in the new SDP is in the set of SDP. Therefore, (§pp  is less than
or equal to Cgpp -

Conversely, we show that (5pp > (5pp. Let X be a feasible solution of
the SDP relaxation (3. Consider a new vector Y for the diagonal variables of X
whose nonzero corresponding diagonal coefficient elements are in the diagonal of
Q,(i =1,...,m) except element located in (1,1). Let C be a vector containing the
location of nonzero diagonal elements of Q)s of the QCQP . More precisely, Cy
and C/s are the vectors containing the location of nonzero diagonal elements in Q
and Q/s, respectively. Moreover, the size of Cy and C/s are the same as that of C
where C = Cy UCy U ... UCy,. However, if some of the diagonal elements of Qs
are zeros, the corresponding elements in C/s are also zeros. For instance, if elements
located in (2,2) and (4,4) are zeros in Q; for some 7, then C;(2,2) and C;(4,4) are
zeros. Let Y} be an element in a vector Y where 1 < [ < length(C). Let us define
length(C) as L. Y] is nonnegative since it denotes diagonal variable of X where X is a
positive semidefinite matrix. If there exists at least one nonzero diagonal element in
the coefficient matrices Q}s, we can say that Y1 = X c(1),c(1), where X is a submatrix

00 a:T

of X =
z X
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Then the problem of the SDP relaxation can be written as

n+1n+1
min - 7o + a4 (X1, X1a)" + Z Z Q0uy Xuv
u=2 v=2
UFEV
L
+ ZQOCMD,COU)YI
=1
n+1n+1
subject to  7; 4+ q7 (X11,- -+, X1n)T + Z Z Qi Xuw
u=2 v=2
uFU

L
+ZQiCi(l)vci(l)}/l S 0 (Z = ].7 ...,m),
=1

_Ho.X = 1,
X =0,
Yi=Xcwew (1=1,...L1),

where Qo,, and Qj,, are zeros. The new vector Y and the variables Xy, (u # v)
satisfy the constraints of linear constraints in the new SDP relaxation if we
identify ¥; and X¢ () ¢y with X;‘+171+n+p and X;+1,j+17 respectively.

Now, we have to show that the new matrix X~ is positive semidefinite. Since X

is positive semidefinite, we can construct a matrix X* such as

_ X diag(Y)T

X* = ,
diag(Y') BI
where
2 2 2
B:max{ Yi , Yy e YL },
Xeqye)y Xew)e@) Xew)e(r)

and the size of diag(Y') is L x (n+1). Note that the first row of diag(Y") is zero and
the variable Y] starts from the second row because vector Y is from X where X is
a submatrix of X . Furthermore, diag(Y") does not need to be written consecutively
on diagonal lines since nonzero X¢ () c(y, corresponding to the nonzero coefficient

diagonal elements in Q}s, may not exist in a row. The 3 shown above satisfies the
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positive semidefiniteness of X* because all 2x2 submatrix of X™ is greater than or
equal to zero. Accordingly, we can establish a feasible solution X" of the new SDP
relaxation whose objective value is the same as the original SDP relaxation (J3]).
Since X is positive semidefinite and it satisfies the objective and the constraint

functions in , Cspp,., = Cspp follows.
O

Corollary 4.1. Assume that there exist at least one nonzero element in some coef-

ficient matrices of the original QCQP . Then, Cspp = C5pPyew = SSOCP, 0w =

Cip... = Hspp,.. = HSoCP,., = MLp,., under theorem 4.1 .

Proof. We have shown in Theorem 4.1 that if there exist some nonzero diagonal
elements in Qs (2)), we can move them to off-diagonal to set the new SDP relaxation
using proposed method, and can get the same optimal value of the SDP relaxation.
Moreover, by Corollary 3.1, we know that the primal and the dual optimal values
of the new SDP, new SOCP, and new LP relaxations are the same because all the
diagonal elements in the coeflicient matrices can be made to zeros. Therefore, we

* _ % % _ % % % %
have that (5pp = CSpp,... = CSO0CPLw = SLPuow = HSDPyew = HSOCP 0w = HLPew-

O]
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5 Numerical Results

We present computational results on the SDP relaxation , and compare it with the

results of the new SDP , SOCP , and LP (15]) relaxations using the proposed

method in Section 4. In the SDP relaxation, we deal with matrices Q; (i =1,...,m)

which are not hollow matrices.

The set of test problems in our numerical experiments consist of small prob-

lems where the number of values are less than or equal to 30. To attain numerical

feasibility, we set the number of constraints m to approximately (n+ 1) x (n +1).

Notation

nz
Sp.

cpu

it.

SDP
SDP*
SOCP*
LP*

c*

Cspp
CSDPpew
CSOCP, e

CLPew

The number of variables

The number of quadratic inequality constraints

The total number of nonzero diagonal elements in Q}s of a QCQP
The density of nonzeros in a matrix

The CPU time in seconds

The number of iterations that the corresponding relaxation takes
The SDP relaxation

The new SDP relaxation

The new SOCP relaxation

The new LP relaxation

The optimal value of a relaxation

The optimal value of SDP relaxation

The optimal value of new SDP relaxation

The optimal value of new SOCP relaxation

The optimal value of new LP relaxation

We compared the optimal values, computational time, and number of iterations

obtained from executing the original SDP , new SDP , new SOCP ,

and new LP (|15 relaxations by varying the number of variables, nonzero diagonal
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elements, constraints, and the degree of matrix sparsity. To control the sparsity
of the symmetric matrices Q; (i = 1,...,m), we used MATLAB random number
generator. All the computation was implemented using a MATLAB toolbox, SeDuMi
Version 1.03 [9] on Window 7 with Intel Core i5-2467M CPU, 1.60 GHz, memory
8GB.

First, we tested whether the result of optimal values are equivalent between
the SDP and the new SDP relaxations. Next, we compared computational time
and the iteration numbers of each relaxations to see whether the proposed method
is efficient for randomly generated problems. Note that each problems are derived
from nonconvex QCQPs where the symmetric matrices Qs in has at least one

negative eigenvalue.

Table 1: QCQPs with nz=3, 50% sparsity and varying n

SDP SDP* SOCP* LP*
n c* cpu it. cpu it. cpu it. cpu it.
5 868E+01 1.0 18 03 19 0.6 15 02 11
9 194E+01 12 19 04 21 0.9 17 0.3 11
14 -1.06E4+02 09 8 04 8 1.0 12 0.3 4

19 7.04E+01 29 23 3.2 23 45 19 2.7 13
23 -149E+02 3.1 9 3.3 10 5.9 12 30 6
27  7.87E401 125 23 174 25 20.1 17 19.7 14

First of all, we generated the coefficient matrices Q,; (i = 1,...,m) with 50%
sparsity, and fixed the total number of nonzero diagonal elements (nz) as three. Note
that the number of coeflicients m varied in each problem to prevent primal or dual
infeasibility. Then, we changed n to see how the speed of computation differs. Table
1 above shows that as the number of variables increases, the computational time also

increases to get feasible solutions. In addition, we observed that the optimal values
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of the four relaxations have the same value, (5pp = CSpp... = C50CP, .0 = CLPew?
as shown in Theorem 4.1 and Corollary 4.1. Thus, we let (* be the optimal value of
the four relaxations. Although the new SDP and the new SOCP relaxations spent
more CPU time and had larger number of iterations for some n such as 23, 27, the
new LP relaxation can be used for those cases instead as the optimal value is equal
to the original SDP relaxation along with less computational time and number of
iterations.

Secondly, we generated 20% sparse coefficient matrices Q; (i = 1,...,m), and
fixed the total number of nonzero diagonal elements (nz) as seven. For fair compar-
ison, we also fixed n as fifteen and varied the number of coefficients m greater than

or equal to 230 to prevent primal or dual infeasibility. The results are as follows:

Table 2: QCQPs with n=15, nz=7, 20% sparsity and varying m

SDP SDP* SOCP* LP*

m - cpu it. cpu it. cpu it. cpu it.

230 3.54E-01 1.3 23 1.6 23 25 19 1.1 12

260 1.79 09 9 06 9 14 8 0.8 5
360 -1.58E-01 09 8 06 8 07 7 02 4
460 6.29E+01 09 7 06 7 0.8 9 03 4
550 3.03E+01 16 6 0.7 7 20 13 0.3 4
800 4.27 1.8 6 08 7 0.8 8 03 4

In Table 2, we assumed that larger m may give a bounded region easily than
having a small number of constraints. We also detected the new LP relaxation can
be a substitution for the SDP and the SOCP relaxations since it yielded less CPU
time and the number of iterations with the same optimal value. However, the new
SDP and the new SOCP relaxations are not much different from the original SDP

relaxation.
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Table 3: QCQPs with n=20, m=450, nz=>5 and varying sparsity

SDP SDP* SOCP* LP*

sp.(%) ¢* cpu it. cpu it. cpu it. cpu it.

10 2.74E4+01 2.3 25 3.5 25 2.7 18 1.5 14

20 2.55E+02 15 8 1.5 9 1.9 10 06 4
40 1.34 24 14 2.2 13 2.3 10 1.0 5
50 -5.12E-01 2.6 17 2.8 17 3.2 13 1.5 6
70 8.71E-01 23 16 22 16 4.7 14 1.8 6
85 -1.63 2.7 15 29 15 4.4 12 24 7
100 4.47E-01 2.1 10 1.7 9 3.6 10 20 5

Third, Table 3 shows the results from varying sparsity of Q; (i = 1,...,m) from
10% to 100%, fully dense matrix @Q,. We fixed the number of variables (n), number
of constraints (m), and number of nonzero diagonal elements (nz) in the coefficient
matrices of . Since 100% sparsity means fully dense, CPU time in the new SOCP
relaxation took more time than the SDP relaxation in the process of applying the
proposed method. This is because Second Order Cone (SOC) constraints in are
derived from nonzero elements in matrices, and so the dense matrices yield more
SOC constraints. The new LP relaxation also has more constraints than the
SDpP and the new SDP relaxations, however, it can be an efficient method
among other relaxations since it made the better performance with the same optimal
value.

Lastly, we changed the number of nonzero elements (nz) in the diagonal of Q}s
with fixed n as 25, m as 650, and matrix sparsity as 10%. Note that we only con-
sidered small problems where n, the number of variables, is less than 30 at the
beginning of Section 5. The reason of this restriction is to avoid making large sized

matrices which require more computational time. Also, the proposed method makes
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new larger matrices Q; by counting the number of nonzero diagonal elements (n.2)

in the coefficient matrices of the original QCQP.

Table 4: QCQPs with n=25, m=650, 10% sparsity and varying nz

SDP SDP* SOCP* LP*
nz c* cpu it. cpu it. cpu it. cpu it.
1 541E+01 36 9 27 10 3.8 11 21 6
4.63E-01 23 9 1.6 9 25 9 1.6 7
1.56E4+01 24 9 45 11 52 12 21 5

co ot W

1.20E+01 3.5 20 8.3 19 5.2 16 26 11
10 -6.06 4.8 17 8.4 17 71 14 25 10
13 5.91 23 8 6.6 8 172 9 117 6
18 1.80E-01 21 7 105 7 16.5 6 105 5
25 3.42 1.3 10 314 10 14.3 13 04 9

Table 4 shows the results of four relaxations from varying the number of nonzero
diagonal elements (nz) in Q}s. For example, if n is 25 and nz is 10, size of the new
matrix Q; (i = 1,...,m) becomes 36x36 where size of the original matrix Q, is
26x26. For small number of nz such as 1, 3, 5, 8 and 10, the new LP relaxation
shown in the right side of the Table 4 has less CPU time and iteration numbers
than other relaxations to predict the optimal value. On the contrary, QCQPs with
the bigger nz such as 13, 18 or more, took a lot of CPU time to get the optimal
value. One good thing to implement the new LP relaxation for large nz is that the
number of iterations is lesser than the SDP relaxation. This indicates that as the size
of nz became larger and approached to n, the original SDP relaxation required less
CPU time than implementing the proposed method to solve the nonconvex problem.
Nonetheless, if we have small nz in QCQPs, we can expect much less computational

effort and number of iterations with the same quality of the optimal value from
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the new LP relaxation instead of implementing the SDP, new SDP, and new SOCP
relaxations. Moreover, even for large nz, less number of iterations was required in

the new LP relaxation than the SDP relaxation of nonconvex QCQPs.
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6 Conclusion

We have proposed a method to solve nonconvex QCQP efficiently. Based on the
result on nonconvex QCQPs with hollow coefficient matrices, our method converts
QCQP with nonzero diagonal coefficient matrices to QCQP with hollow matrices.
By the conversion, we can utilize more efficient convex relaxation methods such as
SOCP and LP relaxation which are shown to provide the same objective values as
the SDP relaxation. Moreover, we have proved that the optimal value of the SDP
relaxation of the original QCQP is equivalent to that of the new SDP relaxation,
consquently, those of the SOCP and LP relaxation.

We have also tested to exploit the sparsity of the converted QCQP to solve them
with high efficiency. With numerical experiements, we have demonstrated that the
proposed method can perform efficiently compared to the SDP relaxation of the
original problem.

For further research direction, we can apply our method to large-size QCQP and
investigate the quality of the optimal values. In particular, it will be interesting to
apply our method to the framework of the hierarchy of SDP relaxation proposed by
[8].
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22} AloF A2 713 22 Al”HH (Quadratically Constrained Quadratic Program,
QCQP)9 AY A5 2= 72 0|7 A3} 24| (Binary Quadratic Optimization
Problems), |t A FA4|(Max-cut Problems) ¥ Y E ¢ 3 24| (Network Problems)
o gAA WS FaF HRE ARG AR e ZwolA 23} Ao
dig 24 6% e & Sl Pl TekEol A,

H7dolete 42 w2l olE v ARt oFoll siEskr] et b Ql dare|Eol
oo

FEIACE 7P RS o]k W2 = H S (Semidefinite Programming, SDP)
o]t SOCP(Second Order Cone Programming, SOCP) o] ¢t 2 4] A 3] (Linear
Programming, LP) o]¢hyjolt}. o] =iz QCQPE &7] flsh 919 Al 7H4] ol
ol g A= B WS ANHET, B H4HE ABoted A BEAS
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